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CHAPTER I 


INTRODUCTION 


1 .1 A complex Valued function is said to be analytic in a 
domain Q ( a non-empty open connected subset of the complex 
plane C ) if it has a uniquely determined derivative at each 
point of Q . A function f is said to be univalent in a domain 
Q if it never tabes any value more than once / that is / the 
condition f( 2 ^-' = ^ ^ ' implies ~ "^2 ' ^ 

necessary condition for an analytic function f ( z) to be univalent 
in Q is f^ ( z) o in D That this condition is not sufficient 
can be seen by considering the function f ( z) = e^ whose 
derivative never vanishes but clearly it is not univalent in C • 


In the study of univalent analytic functions / the Riemann 
mapping theorem plays an important role . The theorem states'^ 
that if Q is a simply connected domain whose boundary consists 
of more than one point and z^ is a given point in Q then there 
exists a unique univalent analytic function f which maps fi 
conformally onto the unit discA={z*lzl< 1> and has the 
pixjperties = o / f^Cz^) = 1 ‘Thus / for the study of 

geometric properties of functions univalent and analytic in a 
simply connected domain with more than one boundary pDint one 
may therefore, confine /• without loss of generality / to functions 
univalent and analytic in the unit disc A . 
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If g( z) is univalent and analytic in A / so is the 
function f ( z) = (g( z) -g(o^/g^ ( o) since g^(o) o » Thus / it 
is enough to consider univalent analytic functions in A 
satisfying f(o) = o / (o) = 1 • Let H denote the class of 

functions f analytic in A and normalized by the conditions 
f(o} = o / (o) = 1 and let S be the class of functions f 

in H that are univalent in A . The Taylor series expansion 
of such a function f about the origin has the form 

(1.1.1) f(z) = z + E . 

n=2 

Unless otherwise stated explicitly it is assumed throughout 
in the sequel that whenever f ( z) is in S / it has Taylor series- 
representation of the form (l.l.l) . 

The study of theory of univalent functions was initiated 

by Koebe [ 47 ] in 1907 on the uniformization of algebric curves • 

He proved that the ranges of all functions in S contain a common 

disc 1 wi < b / where b is an absolute constant • The Kbebe 

function k( z) =z(l-z) shows that b^ — . Bieberbach [ 3 ] 

established that b = j . He also proved in the same paper 

that if f t S / then la 2 l ^ 2 with equality occuring only for 

the rotations e^^z) of the Kbebe function k( z) . Motivated- 

by these extremal properties of the Koebe function / Bieberbach 

conjectured that for every f ( z) = z + S £ S / 

n=2 

( 1 • 2) I ^-n^ ^ n/ n=2/3^»*» » 

Equality occurs in (I.I. 2 ) for each n > if and only if f ( z) is 

the Kbebe function k( z) or one of its rotations* 
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A conjecture stronger than Bieberbach conjecture is 
due to Robertson [ 70 j which asserts that if f ( z) £ S ^ then 
the coefficients of odd univalent functions 

(1*1 •3'' h( z) = \| f (z ) = 2 + c^z^+Cj^z^ +..♦ 

satisfy the inequality 

(1.1.4) 2 n/ n = l/2/... • 

where Cj^ = 1 - 

In 1971 / Milin [56 ] proposed the following conjecture • 

If f( z) £ S / than 

n m ^ ^ 

(1 .1 . 5 ) S S (klr, I - tr) i o / n = 1/ 2/ . . . . 

in=l k=l ^ ^ 

where 7^ / n = 1/ 2/ • . •/ are given by 

( 1 . 1 . 6 ) loa (^; . — ) =2? 

■ ^ n=l " 

Milin conjecture is strongest in the sense that it implies 
Robertson conjecture and hence Bieberbach conjecture * 

Recently / Mil ins conjecture has been proved by Louis 
de Branges [ 22 ] • With this / both Bieberbach conjecture 
and Robertson conjecture stand proved in affirmative' • A 
different and simplifed version of Louis de Brange^ s proof 
has now bean given by Fitzgerald and Fbmmerenke [ 25 ] . 

During the process of solution of the Bieberbach and related 
conjectures / several subclasses of univalent functions / 
important on their own right * were introduced and different 
technicgues like Lowner parametric method / convolution techniques/ 
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variational method / extrone point theory etc. were discovered* 

All these developnents are amply reflected in Barnardi* s 
Bibliography of Univalent Function [ 1 ] » The texts of 
Golusin [ 28 ] / Jenkins [ 38 ] / Rommerenke [ 64 ]/ Schober [75]/ 
Goodman [3o/3l] and Duren [ 23 ] cover almost all the fundanental 
aspects of the theory of univalent functions • 

VJherever there is no ambiguity / we will use the term 
univalent functions in the sequel for analytic univalent functions* 

1.2 In this section we give some definitions and basic results 
concerning the class S and some of the subclasses of S that 
are needed in the sequel • 

oo 

Let f ( = z -f S a be in S. Then [ 30 ] 

n=2 ^ 


( 1 . 2 . 1 ) 


1 a2~a3l ^ 1 

Further / 

if 1 f( z) 1 

< M fo r z e A then [ 62 ] 

(1 . 2 . 2 ) 

1 

a2l ^ 2(1- “) / M > 1 

and 


1-^/l^M^e 


\ 


(1 . 2 . 3 ) 

^ ] 

2(g_ i-_) 1 _ L_ , e- 


where t is the real .root of Mx. logx = -1 [ 103 ] • 

Brannan [lO] / Rahman and Szynal [66] / Suf fridge [ 1 O 2 ] and 
others obtained bounds for the coefficients of certain polynomials 
belonging to the class S. For instance / Brannan proved that 
the function g( z) = z+b^z H-b^z / b^ and b^ real / is in S / if 
and only if / 


5 


l + 3b„ 


^ ^ h £ i- 

3 3 5 


(1 . 2 . 4 ) 




I zp.d-b^i. I- s b s \ 


Rahman and Szynsl V 66 J showed that a polynomia]. 
g( z3 = z+b^z tb^z" / is real / b^ is real and positive 
is in S / if and only if t 


1+5 b3 

/■ “ 3 “ ^ 


° - ^5 " 10 


(1.2.5) Ib^l 


2 /bg^l-t^-b^ . lo ^ ^ 5 


The coefficient estimate of polynomials of degree n 
with fixed nth coefficient is obtained by Suffridge [ 1 O 2 ] 


n 


who proved that if gC z) = z + S aj.z / a^, s are real and 


^n' ~ n ' then 


( 1 . 2 . 6 ) 

where 


k=2 


^k' ^ ^k/1 


, ^ sin(-^ ~ -) 

2±i = 1.2,... .n . 


n 




The inequality (1.2.6) is sharp, with equality for the polynomial 

n 


P( z) = P( z/ n/ 1 ) = S A, . z 


k=l 


■^k/1' 


A domain Q in the complex plane is said to be convex if 
it contains the line segment joining and for all distinct 
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points and Z 2 in Q . 

Definition 1.2*1 A function f e H is said to be conveX' 
iff maps A onto a convex domain- 


We denote the class of convex functions by K . An 
analytic characterization of f in K is due to Robertson [69 ]'• 
Thus / a function f in H is in K , if and only if / /for z £ A 

( 1 * 2 . 7 ) Re { 1+z ^ >0 

f'(z) 

A function f £ H is said to be convex of order 
a(o^ a^l) / if / forzsA 


( 1 * 2 . 8 ) Re fl+z - — ^ a . 

f'(z) 

Denote the class of convex functions of order a by K(a) . It is 
easily seen that K(o) = K/ K(a) ^ K , o £ a £ 1 and 

00 

K(l) = { z } * If f(z) = z + 2 a^z*^ / then it is known [ 30 ] 

n =2 

that a necessary condition for f to be in K is 


(1.2*9) ' ^n‘ - ^ * n = 2/3/ ... 

with equality occuring for the function f( z) = z(l-z)~^ 

A sufficient condition for f to be in K is that [ 30] 


( 1 . 2 . 10 ) 


n =2 


n 


n 


1 . 


Analogous to (1.2*1; / if f ( z) = z + 2 a^z’^ is in K / then 

■■ n =2 


Trimble [IO 6 ] proved that 

( 1 . 2 . 11 ) '^ 2 ~^ 3 ' ^ 3 ^^”* ^ 2 '^^ 

The bound in (1.2.11) is an improvement on the bound of 
la -a^I for f t K obtained earlier in [46‘] and [7l]. 
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For the polynomial g( z) = z+b^z'^+b^z'^ t b^ real and' 
positive / Suffridge [1O2] proved that g( z) is in K / if 
and only if / 


4 


o 


^b3^ 


15 


( 1 .2.12) 



2b3(l-9b3) I 



1 
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A domain 0 . in the complex plane is said to be starlihe 
with respect to the point e 0 if the line segment joining 
Wq to every other point w £ Q lies entirely in Q . 

Definition 1 . 2«2 A function f e H is said to be starlihe 
with respect to the point w^ if f maps A onto a domain that 
is starlike with respect to the point • 

The class of starlike functions with respect to origin 
is denoted by s”'^. 

It is observed that K o s • The containment is proper 
since the Kbebe function k( z) = zCl-z)” is in S ' but is not 
in K , Robertson [ 69 ] proved that a function f £ H is in 
S / if and only if / for z e A 

(1 .2.13) Ro {z 


A function f £ H is said to be starlike of order a (o^ l)/ 

if for z £ A / 

(1.2.14) Rs { zr- — a . 

Denote by S (a) r the class of starlike functions of order a 
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It follows that S''(o) = S''/ S''(a) S ''/ o ^ a ^ 1 and S (l) = { z }• 
The inequalities (l*2»Sj and (l»2.l4) reveal a close connection 
between convex and starlike functions/ a function f £ K(a) 
if and only if zf^ £ S (a) . 


If f(z) = z + S a then a necessary condition for 

n=2 

f to be in S"'" is that [ 3 O ] 


( 1 . 2 * 15 ) 1 a^^l Sn / n = 2/3/*'* 


The inequality in (1*2*15) is sharp for the Koebe function 
k( z) = z(l— 2 ) ^ * 

00 

Let f( z) = 2 + 2 a z be defined in A . If 
n=2 

(1 * 2 * 16 ) 2 nl a_l ^ 1 

n=2 

then f(z) is in S* . If U*2.16) is replaced by 


(1 *2*17) 

and if o 

A natural 
class of spiral 


~ ( n+k) ■! 

n=2 


(1^-1) ! ' ^n+k‘ 




/ then ( s) is in S for k = 1 / 2 / 3 ^ • • • 


generalization of starlike functions is the 
-like functions • 


Definition 1*2*3 A function f in S is called A.- sPirallike / 

-Tr/2 < X<n /2 / if foi- each w in f(A) and t S o the logarithmic 
spiral wexp(e’"^^t) is contained in f(A) . 

We denote the class of k-spirallike functions for a 
specific value of \ by s(\) * It is known [ lOO J. that a 
function f e H is spirallike / -7C/2 < X<tx/2 * if and only if/ 
for z e A 
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(1.2-18) Re { z . 

Cl e arl y / S ( o ) = S . 

Libera [ 50 j introduced the class of X— spiral like functions 
of order a(o ^ a ^ l) / denoted by S(X/0c) / consisting of 
all functions f £ H that satisfy 

(1*2 -19 ) Re { e^^ z > acosX 

for z £ A / • -.Tr/2 < X < 7r/2‘'and o ^ a S 1. Obviously ^ 

d(X/o) = s(x) . Libera [so ] proved that f £ S(X#a) is 
univalent and^ alongwith several other results / he found 
coefficient bounds for such functions • Thus / it is shown [ 50 ] 

oc 

that if f ( z) = z + 'S a z £ S(X#a) y then 

n=2 

n- 2 I 2(l~a) coaXe"*^ +kl 
I aj^i ^ ^ , n = 2/ 3/ . . • 

and that equality occurs for the function 
f(z) = 


For a fixed positive integer N , let = exp( 2 rti/N) be- 

the Nth root of unity- For a function f( z) = z+a define 

, N-l 

(1-2-20) f^^(z) = I H u-JfC^Jz) 

' j =o 

- , 4 . = j. 2N+1 

^ ^N+1 ^ ^2N+1 ^ 

where we use the fact that 


N-1 

S 

j=o 




N^if k is a multiple of N 


o ) otherwise- 
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Def Ini-tlon 1.2’.4 A function f e H is said to be 7\.- spiral I ike 
of order a wit h respect to N- symmetric points ( I /\l< ^/ 2 / 0 < a < l)/ 
if for z £ A 

( 1 • 2 • 21 ) Re {e z ^ — 7 — occosX 


where / is given by (l»2»20). 


N/ 

Denore by S Uvy aJ the class of A-spirallike functions 
of order cc with respect to N-symmetric points » Clsarly / 
S^( a) is contained in sCX/Oc) » For X = o / the particular 
class S^(o/a) = S the class of starlike functions of 

order cc with respect to N- symmetric points / was studied 
earlier in ([20 ]/[ 99])* 

jH 2 N— T 

Replacing z by jr “z / ^ z in (l.2»2l) and 

adding the N equations so obtained we have / for z £ A / 

iX 




Re { e z > acosX 


This implies that fjg(z)isin S(X/a)and hence the function 
fj^( z) is univalent* 

Silverman and Silvia [ 95/96] studied the effect of 
the moduli of second coefficient for functions of the form 

00 ^ 

f(z)=z + S a z on the arowth of other coefficients for 
n=2 

convex / starlike and other subclasses of univalent functions . 
Extending some of these results / the influence of the second 
coefficient on the growth of the other coefficients for 
functions belonging to the classes s(?pa) / and S^( X/ a) are -fcand 
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in [ 67 ] . Some other problems for functions with fixed 
second coefficient studied in [ 24 ] / [34] / [42] /[5 7] 
and [ 104 J etc . 

Another important subclass of h-spirallihe functions 
studied recently by Mogra and Ahu j a [ 58] is the following ^ 


Definition 1.2 *5 A function f e H is said to be X" spirallihe 
function of order oc and type 0 / denoted by S( /V/ C/ p) / if and 
only if / for z c A 

zf^ ( z) 

( 1 . 2 . 22 ) I j < 1 

for o^a<l/ 0 <p^l and I XI <t^/2 • Since S(X/a/p)c S(X) / 

it follows that the functions in S(X#a/P)/ are univalent « For 

different values of the parameter X/ a / and p/SCX/OC/P) reduces-' to 

several known subclasses of univalent functions ([ 27 ]/[ 40 ]/ 

[50 ]/[53 ])• If f ( z) = z + 2 ^ S(X/a/P) / then a bound 

n =2 

on the coefficients a^^ is found in [SB ] besides several other 
results • 


MacGregor [52 ] obtained upper bounds for the moduli of the 
coefficients of a starlike function whose power series represent- 
ation in A is of the form 


(1 »2.23) 


f ( z) 


z + S 
n=k+l 


n 

a^z 


for some k = 1/2/ . Boyd [ 9 ] and Srivastava [lOl] extended 

/ 

MacGregor s result respectively to the classes S and 
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S ( X/ a) . An analogous result for functions in S(o/a/P) 
is obtained by Mogra and June j a [ 57 ] . 

The functions in the class S whose non-zero coefficients / 
from the second on / are negative have many interesting 
properties • Let T denote the class of functions of the form 

CX) 

( 1 * 2 * 24 ) f ( z) = z - S a^z^ / ^ o 

n=2 

that are analytic and univalent in the unit disc A and let 
C denote the subclass of T which are convex in A . These classes 
and their subclasses have been studied extensively by 
Silverman [9 2 j. / Silverman and Silvia [95 ] / Gupta and Jain 
[32/33 ] / Kapoor and Mishra [ 43 ] and others* It is proved 
in [ 92 ] 'that/ if f £ T/ then 

(1 .2*25) ^ ~ , n = 2/ 3/ • • • 

holds and the inequality in (1*2*25) is sharp • A necessary 
and sufficient condition for a function f / given by (l *2*24) / 
to be in T is that 

( 1 * 2 * 26 ) S ^ 1 • 

n=2 

In view of (1*2*16) and (l*2*26) the functions in T are 

• Yc 

starlike / i.e*/ T ,is contained in S * Likewise / a necessary 
condition for a function f given by (l*2*24) / to be in C 
is that [92 ] 

(1 *2*27) ^ ^ S' 

n 

and the inGqiiality (1*2*27) is sharp * A necessary and 
sufficient condition for f / given by (1*2*24) in T to be in C 


is that 
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(1 .2.28) S ^ 1 . 

n =2 

The functions f belonging to certain subclasses of T 
defined by taking into account the univalence of derivatives 
of f also have elegant properties . Some such classes have 
recently been introduced and investigated by Silverman [94 ] ♦ 
Thus t let T^ denote the class of functions f in T for which 
f^ is also univaJ-ent in A . The class of functions f in T 
for which the first m derivatives of f are univalent in A is 
denoted by T^ . If f e T^ for every m / than f is said to be 

in 

It is known that if f /- given by (1.2.24) / is in T / 
then the sharp inequality 

( 1 . 2 . 29 ) ^ 2 

holds . Silverman further showed that the sharp inequality 
(1.2.29) continues to hold even for functions belonging to 
the subclass T^^ of T . However / he proved [94 ] that the 
bound for the third coefficient ^3 ^ ^ functions in T 
can be improved as 

(1 . 2 . 3 O) a_ '4 “ 

3 6 

if f / given by (1.2. 24 ) • is in T^ . In the same paper t 
he proved that if f / given by ( 1 . 2 . 4 )^ is in T and a 2 > o 
then a sufficient condition for f to be in T^ is that 

CO 

2 (n-l)na„^ 2a- . 
n=3 ^ 2 


( 1 . 2 . 31 ) 
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If o < a 2 < ^ ^ then (1.2.31) is sufficient for any function 
f / given by (1.2. 24 ) * to be in . 

o o 

For a cubic polynomial g( z) = z-b 2 z‘'“b 2 Z real / 

in T / ( 1 . 2 . 31 ) is both necessary and sufficient condition 
for g( z) to be in . In fact / it is known [ 94 ] that a 
necessary and sufficient condition for g( z) to be in is that 

( 1 . 2 . 32 ) Sb^ ^ min<J 

L ^2 

Using (1.2*32) / the sharp inequality 

( 1 . 2 . 33 ) ^ 3^9 

follows [ 94 ] . From (1.2*32) and (1*3 *33) / one may be 
tempted to think that (1.2*31) is both a necessary and sufficient 
condition for a function f in and 1/9 is the sharp bound 
for the third coefficient for any function f / given by (l«2i24) * 
However / none of these are true even for quadratic polynomials 
in [ 94 ]. In fact t if g( z) = z-b^z^-b^z^-b^z"^ £ / 

then the sharp inequality 

( 1 . 2 . 34 ) b^^ 

holds . A combination of (1.2*30) and (I. 2 . 34 ) yields / if 
= sup { a^ • f ^ ^ f then 

(1 .2.35) ^1 6 

A sufficient condition for functions in T whose derivatives 
of higher order are univalent in A has also been found [ 94 ] 
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Thus 


n 

if f ( z) = z- E a„z with 
n=2 ^ 

CO 


m+l 

II o and if 

n=2 


(l»2»36) S (n-k}( n-k+1 ) . . . na ^ ( k+1 ) ! a. . i 

n=k+2 " 

for k = 1/ 2/ • • •/ m then / f £ T . 

m 

If (1.2*36) is true for all k / then f e T^. The second 
coefficient of a function f in T satisfies ^2 ' and 

surprisingly / there is no extremal function in T^ for this 
inequality [ 94 ] * 


1.3 Let f ( z) be an entire function of a complex variable z 

jL Q 

i.e./ f is analytic for every z = re in the complex plane 
* Set / 

M( r) = M( r/ f) = max I f( z) I • 

I zl =r 

The function M(r) is called the maximum modulus of f( z) 
for I zl = r . Blumenthal [ 4 ] has shown that M(r/f) is a 
steadily increasing function of r and that it is different! ahle 
in adjacent intervals- Further# by Hadamard^s three circle' s- 
theorem / it follows that log M(r/f) is a convex function 
of log r . 

An entire function f( z) is said to be of finite order 
if there exists a constant A such that 

(l»3*l) M(r/f) < exp(r^) 

for sufficiently large values of r - The greatest lower 
bound A of all such numbers A is called the order of the entire 
function f ( z) • Thus / 

(1.3.2) n =itasup laa- l. . sg»(r) 
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If no constant A can be found such that (l.3*l) holds • 
then f( z) is said to be of infinite order and such functions'- 
are said to be of fast grov/th . The entire functions of 
zero order are said to be of slow growth . A constant is 
of zero order by convention . 

For a more precise specification of the rate of gifwth 
of f( z) / the concept of type has been introduced* An entire 
function f( z) having finite order f\ (o < A<“) is said to 
be of finite typo / if there exists a constant B such that 

(1»3*3^ • M(r#f) < exp ( Br^ ) 

for sufficien-tly large values of r • The greatest lower 

bound T of all such numbers B is called the type of the 

entire function f C z) • Thus / 

/ ^ . .. loa m( r) 

(1*3 •4-' T = lim sup — 

r oc / 

If no constant B can be found such that (l»3»3) holds • 
then f ( z) is said to be of infinite type* 

An entire function f( z) is said to have growth (A/ t) if 
its order does not exceed A and its type does not exceed- t 
if it is of order A * An entire function of growth (1 a t) /t< 
is called a function of ex ponential type* 

In 1933 / Whittaber [l07] introduced the concept of l ower 
order of an entire function . Thus / an entire function f ( z) 
is said to be of lower order A,jj. (o °° ) if 

(1.3.5) A* = 11m Inf i£2_i£2Jii£l . 

r CO 


CO 


logr 
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An entire function f( z) is said to be of regular growth 

if A = A.„. and is said to be of irregular growth if ^ 

In analogy with lower order / Shah [ 78 ] introduced the 

concept of lower type . Thus / an entire function f( z'J 

having order A (o <A<“) is said to be of lower type t if 

^ ^ ^ ^ ^ log M( r) 

(1.3 •6; x,_= lin^ inf — ^ -- 

Since the entire function f( z) is analytic everywhere 
in the complex plane T / it can be expanded in a Taylor 
series around any point £■ C . However / without loss of 
generality / we may tahe z^ = o . Then / f( z) has the 
representation 

( 1 . 3 . 7 ) f ( z) = 2 a^z^ 

n=o 

where the coefficients aj^*^ s are given by 

1 / f ( z) -1 _ f^^ho) 

^n 2 7T i 11 n+1 n ! 

1 zl =r z 

( n) 

vo) being the value of the nth derivative of the function 
f ( z) at z = o • For the entire function f( z) t given by ( 1 * 3 . 7 )/ 
the characterization for finite order A and finite type x / 
in terms of the Taylor coefficients have been found [ 6 / pp 9-ll] 
Thus / an entire function f / given by (l.3.7)‘ / is of finite 
order / if and only if / 

(1.3*8) 4-, = lim sup ; 

1 n 00 -logi 

is finite * and the order A of f( z) is equal to . If 
= CO / then f ( z) is said to have of infinite order or else 
f ( z) is not entire- 
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If f ( z) is of finite order ^ io <[\ < ^ ) t then the 
type t(o <\ ) of- f ( z) is given by 

(1*3 -9) e [\ T = lim sup nl . 

n -» oo 

When A = 1 f (l-3'>9) becomes 


(1*3*10) e- ~ lira sup 

n -♦ 00 

Since the power series (1*3 *7) converges absolutely 
for all finite z / I r^ -» o as n-»-co . for every finite r • 
Hence / there is one tem of the series whose absolute value 
is not less than that of any other term * The modulus 
of this term / denoted by/J.(r/f) / is called the maximum 
term of f(z) for I zl = r • Thus / 

M-(r) ^M-Cr/f) = max { 1 a^^l r”^} . 

n^ o 


Let 


v( r) = v( r/ f) = max { nt ,u ( r) = 1 a^l r^ * 


Then y( r) is called the central index of f ( z) for I zl = r* 

The function v(r) is non-decreasing/ integer valued / unbounded 
step function of r and has only left discontinuities • Thu 
maximum term and central index of f ( z) play a significant 
role in the study of the growth of an entire function . 

For an entire function f(z) of exponential type / the growth 
number T and 5 / are defined by 

sup „ / >1 r 

(1*3*11) lim { } = 

r-*oo inf 5 
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Shah [ 77 ] proved that 

( 1 .3.12) 5 ^ ^ T ^ r 

0 

CO 

If { I a-n'^ ^ n=l ^ non-decreasing sequence of n then [39 J 
V sup a r 

(1.3.13) lim { } nl — - — 1 = 

n 00 inf ^n+1 ° 


Let 

( 1 . 3 . 14 ) ’?( z) = 2 

n=o 

—1 

where e^ =1 / ^^n^n=l ^ non- decreasing 

sequence of positive numbers * We call 'i'( z) a comparision 
function / if to o as n -*■ <» . a comparision 

function is necessarily entire - When '?( z) is a comparision 
function / in analogy with the exponential type / Nachbin [59] 
defined 'i'-type of an entire function . Thus an entire 
function f is said to be of finite W-type / if there exists a 
constant B such that 


(1.3.15) lf(re^)l^ WCBr) 

for sufficiently large values of r and where is a constant* 
The greatest lower bound of all such numbers B is called 
W-type of f and is denoted by T^(f) * The characterization 

CO 

of the 'P-type of an entire function f ( z) = S a z in 

n=o 

terms of its coefficients a^^ is given by 

1 


(1*3.16) 


T ( f) 


lim sup 
n n 
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It is readily seen that if = n / then IK z) = e^ and (l»3»16) 
gives the coefficient characterization (1.3»10) for exponential 
type of an entire function. 

“ n 

1 .4 Let f ( z) = S a z be an analytic function in 1 zl < R # 

n=o 

o < ".Let denote a non- decreasing sequence of 

positive numbers and let D be the operator which transforms 
the function 

(1 .4 -l) f( z) = F a z^ 

n=o 

into 

( 1 . 4 * 2 ) Df ( z) d^a^z^""^ . 

n=l ^ ^ 

For 3c = 0/1/2/ . . ./ the k-th iterate of D is given by 


( 1 .4 .33 



CO 



s 

n=k 

^n-* 

* '^n-k+1 

CO 

®n-k 

n-k 

s 


(1 

®n 

n 


where e^ = 1 and ^ ^ n = 1/ 2/ • • • denote 

fP f - f and observe that D^f = Df. If = n / the operator 
D corresponds to the ordinary derivative / whereas / if d^ =1/ 
D reduces to the shift operator L which transforms the 

00 n 

function f ( z) / given by (I. 4 . 1 )/ into Lf( z) = S a z , 

2 

The function f / Lf / L'^f / ... are the normalized" r^ainders 
of f . The operator D / called the Gelfond-Leontev derivative 
was introduced and studied by Gal fond and Leontev [ 26 ] in 
connection with the generalization of Fourier series* 
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Kazmin [ 45 ] investigated to some extent the operator 
D in relation to interpolation problems concerning analytic 
and / in particular / entire functions • 

Buckholtz and Prank[l5/1^ considered the Gel fond-Leontev 
derivatives D to develop a general theory for the polynomial 
expansions of entire functions of exponential type and to 
study the univalence of successive ordinary derivatives 
of entire functions* Recently / Juneja and Shah [ 41 ]. 

initiated the study of univalence of successive Gel fond-Leontev 

k 

derivatives D f for a function f analytic in I zl < R/ o <R^ “ 
However / not much work has been done in this direction. 

V 

Some elementari?' properties of the operator D / k = 1/2/ ... 
are as follows * Por f and g analytic inlzl< R / o <R<'=° 
we have / for k = 1/ 2/ . * «/ 

1 . f+g) = D^f + d\ / 

!k k^ 

2* D ( kf ) = >J) f / for all complex numbers k- 

3. D^(EPf) = D^'^'^f / m = 0/1/2/... 

4 . D^( f ( kz) ) = k^D^f ( z) for all complex number k such 
that [ kl ^ 1 • 

The function l'(z) / defined by (I. 3 .I 4 ) bears the same 
relationship to the operator D that the exponential function 
bears to the ordinary differentiation . That is / ^'(o) = 1 

and z) = 5'( z) . 
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We now give some integral representations for entire 
functions of finite 'i'-type* 

Let 

CO - 

*(z> = S a„z 
n =:0 

be an entire function of finite 5^-type (c#f. section 1-3) and 

(l»4*4) f(w) = 2 

n=o e w 
n 

A 

be the Laplace transform of f. Then / f is analytic outside 
a disc with centre at origin and radius greater than ’f-type 
of f • Using transform . ( 1 . 4 . 4 ) / the following integral 
representation of f is obtained [ 8 ] * 

Let'aCf) denote the union of the set of all singular 

points of f and the set of all points exterior to the domain 

of analyticity of f* If 'i’( z) / defined by (l.3«l4) # is a 

comparision function and f( z) =2 a^^z is an entire function 

n=o 

of finite ^-type / than 


(1 .4*5) 


f ( I^(zw)f(w)dw 

^ it J- I < 


/V , V 

where i is any contour enclosing the closed set Q\f) and f 
is the Laplace transform of f given by ( 1 . 4 . 4 ). 


If f is the entire function of exponential typa t then 
‘o(f) lies in the disc I wl ^ and P may be taken as the circle 

I wl = r > • Whan ’?( z) = / (1.4*5) reduces to the familiar 

representation for entire functions of exponential typo / i.e* 


if f(z) = 2 


n=o 


n 

n! 


n 


z is entire function of order 1 and finite 


exponential type / then 
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f ( z) = - ii-w) dw 

/ (• j 

A °=> ^11 r- 

where / f(w) = 2 — — and I is the closed contour enclosing 

^ n=o 

the set q( f ) . 

The function l'( z) can also be used to introduce a very 
useful class of polynomial s ip^( / called generalized 
AppelL polynomial s t which are defined by the formal 
relation [ 7 ] . 

( 1 * 4 » 6 ) A( w) zg( w) ) = 2 IP^(z)w^ 

n=o 

where t 

( 1.4 *7) a(w) =2 A w^ / Ado and g(w) =2 tg d o. 

n=o ' n=o 

It is easy to check that ]p^( z) is a polynomial of degree 
n. When g(w) = w / l'(z) = / the relation (1.4*6) gives 

Appell polynomials * In ( 1 . 4 * 6 ) the choice g(w) = w 

gives the class of Brenke polynomials [ 11 ] and the 
particular case '^'( z) = gives Sheffer polynomials [ 91 ] • 

Boas and Buck [ 8 ] characterized the generalized Appall 
pol y nomi al s as 

n . 

( 1 . 4 . 8 ) ^ ^ *^k "'^k 

1 =0 -* o T j 

where the suirmation extends over all sets of (j+l) non-negative 


integers {k} such that k^ 

4*]^ “h # • 

.+k. = n • 

J 

If z) = and 

g( w) 


( 1 . 4 * 8 ) reduces to the 

well-known formula 


n 

a 

. J 


= 2 
j=o 

n-i 

J! 

z 
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for Appell polynomial s characterised by the recursion formula 

p' ( z) = p - ( z) • 

n -^n-l 

Certain entire functions of finite ^'-type Can 

be represented in terms of a series of generalized Appelt 

polynomials p^( z-* • Suppose z) / defined by ( 1 . 3 * 14 ^ / 

is a com Pari sion function - Also / suppose that a(w) and 

g(w) defined by (1.4.7) are analytic at o. Let Q be a region 

w 

in the w-plane in which A(wi is analytic and g(w) is 

analytic and univalent- Let be the distance from the 

# . ^ 
origin to the nearest point of the boundary of Q . Then * 

w 

the series in (1.4-6) is convergent for all w in the open 

disc A = {w i 1 wl < } • Let 2 = g(w) maps Q onto a 

w o w 

CO ro 

set 0^ in the 2 -Plane / and denote the image of A byA cQ . 
g w g g 

Let the inverse of g be w = W(g ) . Set a(w(^)) = B(g) . 

Let be any compact subset of A^ and denote 
the class of entire functions of finite W-type with *0 ( f) . 
Let f be a simple closed contour lying in A^ and enclosing 
Kq but not Passing throughan^ zero of B(g) . Than [ 8 ] / 
any f e R^/f has the convergent expansion 


( 1 .4 . 9 ) 
where 


:(z) = S £n(f)Pn^z) 
n=o 




A 


and f is the Laplace transform of f defined by means of 
^(z^) as in (1.4. 4). 
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If g(w) = w / then (l. 4 » 6 ) becomes 

oo 

( 1 . 4 . 10 } a(w)'?(zw) = 2 lPj^(z)w / a(o) ^ o 

n=o 

and we have / if z) are the Appell polynomial s defined 
by (l* 4 ' 10 J/ a(w} is analytic in the region and is the 

largest circular disc / with centre at o in having radius 

Pq / then everv entire function of I'-type less than has the 
representation 


(1 .4 *11) 

where 


CO 

fiz) =2 £. (f)(P (z) 

n=o ^ 


A, V 

f ( w^ 
I wl 


^n^ " 27T i p a(w) 

being the Laplace transform of f ( z 
= r with r < on which A(w) ^ o. 


■f ( w) dw 

) , Pis 


a circumference 


1 -5 The theory of univalent functions and the theory 

of entire functions have separately developed to great heights 
during last severs], decades* However / the work done to fin^.. 
underlying interconnections between the two kind of functions 
of seemingly different nature is of recent origin. The present 
and next two sections deal with soma definitions and results 
in this direction. 

CO 

Let E denote the class of functions f ( z) = z+2 a^z in S 

( k) n =2 

such that for each k ^ 1 / f is univalent in A . Let 
,/ •= sup { i a 2 1 - f e E } 
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Shah and Trimble [ 81 ] showed that if f £ E then » 

7T /2 ^ < 1 .7208 and 

( 20 : 

( 1 . 5 . 1 ; I a^l i / n = 2/3/ ... 

( exp( 2a 1 z 1 -1 ) 

( 1 . 5 . 9 ) lf(z)l ^ 

( 1 . 5 . 3 ) lf^^^(z)l^ ( 2a^) ^'“^exp( 2a^l zl )/' n = l/2/... 
Lachance [ 48 ] further proved that a <1.5 

I- Q 

It follows from (l.5.l) and (I. 3 .IO) that if f e E / then f 

is entire and the exponential type t-i = T-i ( f ) =lim sup(loc^( r)/r) 

r 

of f satisfies Ti ^ 

? = sup { Ti(f) ^ f £ E} 

Since the function (e^^-l)/7T in E has exponential type TC / 
we have 

' TT ^ T < 2a 

o 

Further / it follows from (1.5.2) that the class E is a 
normal family [ 41 ] . 

Recently / June j a and Shah [ 41 ] extended the 
results ( 1 . 5 . 1 ) to (1.5. 3 ) for Gel fond-Leontev derivatives. 

To discuss their results / define the 'i'-type of a function 

CO 

f ( z) = S a z analytic in a neiahborhood of origin / by 
n=o ^ 

a - - 

( 1 . 5 . 4 ) T- (f) = lim sup = lim sup ID’^f(o)i’^ 

^ n CO XI GO 

Let be the radius. of convergence of 'i'(z) / defined 

CO 

by ( 1 . 3 . 14 ) • From the monotonicity of 


/ we have 
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r ('±') = lim d = sup {d } 
n-co“ nsi ^ 

If rQ(’i')< °° and f has radius of convergence R / o < R <■»/ 

then from (1.5 . 4 ) / we obtain 

r 

(1 .5 .5) T (f) = — 

Clearly / from (1.5 . 4 ) / f and all its Gelfond-Leontav 

derivatives Df# k = l/2/... have the same '?-type • From 

( 1 . 5 . 5 ) it follows that if T^(f) < ' then each of 

f / Df / . . . is analytic in the unit disc A - If f is an 

entire function / to avoid trivial case / 'i'( z) is always 

taken to be a comparison function (c.f. Section I. 3 ) and so / 

the i'-type of an entire function defined by (1.5. 4 ) becomes 

the same as Nachbin's 'i'-type defined in section 1.3 » It may 

be further seen that if ^iz) is an entire function and x if) 

'S 

is finite / then Cl. 5 .5) gives that f is entire. 

Let E(d) be the class of functions of the form 

00 

f ( z) = z + 2 a 2 such that f and all its Gelfond-Laontev 
n=2^'^ 

derivatives D f / k = 1/2/ ... are analytic and univalent in 
A . If f £ E(d) / then [ 41 ] 


(1 . 5 .6) 

k— 1 

' ^-k* ^ ®k^ ^*^2^ ~ d^ / k = 2/3/... 

(1 .5.7) 

<X r ( 'i) 

1 f( z) 1 ^ 2 ^(^( 2 d 2 l zl )-l)/ Izi — 

2 2 

and 


(1.5.8) 

ID^f(z)l ^ d^( 2 d 2 )^~^(’i'( 2 d 2 l 2 I )-!)/ k = l/2/... 
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From (1.5. 6 -) and in view of (l .5 . 4 ) / it is clear 
that functions in E(d) have finite 'i'-type not exceeding 2d, 


Also from ( 1 . 5 . 7 ) / e(d) is a normal family in 

r^(^) r ('?) 

1 zl < t < —TTj — for all t satisfying o < t < — — 
^^2 ^^2 


Let f be analytic in a neighborhood of the origin. 

. “^ ( n) 

The radius of univalence of f / n = 0/1/2/ ••• is defined 

( n) 

to be the largest number with the property that f ^ is 
analytic and univalent in the open disc about the origin 

fsi CO 

of radius • Likewise / the radius of convexity 

( n) 

of f^ is defined to be the largest number with the property 

( n) 

that T is analytic / univalent and convex in the open disc 
about the origin of radius . 

( n) 

If the derivatives f are not necessarily univalent 

ro 

throughout A and have radius of univalence P^ > even then a 
relationship between the radius of convergence R of f and the 
growth of can be found. Simil arly# rel ationship between R 


and the growth of P^(cJ can also be found* Shah and 
Trimble [S 2/88 ]/ Buckholtz [;13/14]/ Buckholtz and Frank [ 15/16] 
obtained several results of this nature. They also obtained 

rJ 00 

relations between the growth of the sequence { snd the 

order and type (c.f. Section I. 3 ) of an entire function f . 

The following are some of the basic results in this direction 
which are relavant to the present studyJ 
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Let f / defined by / 

CO 

(1.5.9) f(z) = S 

n=o 

have radius of convergence R / o < R_< If the function f / 
given by (1.5.9;/ is not a polynomial and if 


R = lim inf 1 1 

n -*• <» ^n +1 

then [82] / R<R and 

Cv> 

(1.5.10) lim inf nP < 4 R 

n — 

n -» CO 

( 1 . 5 . 11 ) lim sup nP >; R log2. 

n ^ ^ 

The inequality (1.5.11) has been further sharpened as 


( 1 . 5 . 12 ) lim sup nP^ > RW 

n -♦ CO 

where W is the Whittaher constant [ is]* 


If lim nP = / then (1.5 »10) gives that f is a 

n -♦ 

transcendental entire function. So that if P converges to 

n 

zero slowly enough then f is an entire function. However / 
the converse is false [82 ] • Similarly / the inequality (1.5.11) 

gives that if f is a. transcendental entire function / then 

lim sup nP = . The converse of this is also not true [ 8 2 ] * 

n .. 00 

There are functions for vi^ich R = o / R = 1 and 50 in view 
of ( 1 . 5 . 10 ) and ( 1 . 5 . 11 ) / lim nP need not always exist'* 

n -*■ CO “ 

For a function f analytic in a neighborhood of the origin / 

the radius of univalence P^^ of D^^f / n = 0/1/2/ •.* is definedr' 
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to be the largest number with the property that is analytic 

and univalent in the open disc about the origin of radius • 
Similarly / let Pj^^c) be the radius of convexity of D'"^f. 
Recently / June j a and Shah [ 4 I] have extended the inequality 
(1.5.10) in tho context of Gelfond-Leontov derivatives / i.e«? 
if f / given by (1.5.9) / have radius of convergence R / 


o < 00 / then 


n 1 


( 1 . 5 . 13 ) lim inf lim inf [ 11 d, P J ^ 2d.R 

n 00 H= N 

where N denotes the smallest non-negative integer such that 
for nSN / P^> o. 

The inequalities (1.5.10) and (1.5.11) respectively 

give upper bound of lim inf nP and lower bound of 

00 ^ 

lim sup nP in terms of the radius of convergence R of the 

n -» CO 

ro 

function f defined by (1-5.9) . The bounds of lim inf nP 

and lim sup nP in the other direction are obtained u05j)er an 

^ CO n 

additional condition on the coefficients a of f in [8 2/881 . 

n 

Thus / if f / given by (1.5.9) * has radius of convergence R / 
o < R<°=/ and lim I aVa , I exists / then 

n -» 00 “ 

( 1 . 5 . 14 ) lim sup nP ^ 2'^3 R 

n 

Further / if ultimately a non- dec re a sing sequence / 

then 

(1.5.15') lim inf nP ^ R log2 

00 


Similarly / if lim lcn/a„,T i exists / then 

CO ^ n-}-l 

( 1.5 .16) lim sup nP (c)^ 2 R 

00 ^ 
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Thus / xf f / given by (1.5*9); is a transcendental entire 

function and i a^, ultimately a non- dec re a sing seguence 

of n / then (1.5.15) implies that lim inf nP = <» . Since; 

^ CO n 

for the function f ( z) = z(l-z) ; P = sin( n/(n+l)) and 
Pn^c) = l/(n+l) ; the constant 2'^3 on the right side of (I. 5 -I 4 ) 
can not be replaced by any number less than TC and the constant 
^ in (1-5.16) can not be replaced by any number less than 1. 


In the context of Gel fond— Leo nt a v derivatives / (l *5 # 14 ) 

is extended by uuneja and Shah [ 4l ] • Thus / if f(z)=Z a z 

n=o ^ 

have radius of convergence R t is of finite 5^— type and 
is ultimately non-decreasing / then 


N/dj/Cdj-a^) . 

00 

The growtn of the sequence ; is intimately 

related to the growth parameters like order A / lower order 
type T and lower type (c.f. section I. 3 ) of an entire 
function f . Boas [ 5 ] showed that if f is a transcendental 
entire function of exponential type less than log2 / then 

^00 

there is a subseouence / { P„ i / such that P S 1 for 

nji p-i Hp 

all P . He further showed that if the order of an entire 

function is less than one^or if / f is of order one and type 

zero ; then lim sup P = 0 . 

n 

n CO 


Polya [63] proved that 

<s> 

log P 


lim inf 

U CO 


n 


l-A 


iogn 


g ^ lim sup 


log P, 


n 


n -♦ 00 


logn 



Shah and Trimble [82 ] further improved these results 
and obtained several other results connecting the growth 

os 

of the sequence ^^n^n=o with the growth parameters of an 
entire function f . Thus / if f / given by (1.5-9) / is a 
transcendental entire function / then 

fO 


(1 -5.17) 


1 im. sup 

■Q ^ CO 


loa P 
n 

log n 




l-% 




(1 .5 .18) 


. A -1 

lim inf n 

n -*■ “ 



n 


AT 


and 

( 1 . 5 . 19 ) lim sup P ^ . 

n -* 00 ^ T 

where W is the I^Jhittahar constant . The inequality (1.5'. 19 ) 
is due to Buck'noltz [14 ]. 


Juneja and Shah [ 41 ] extended some of the results of 
Shah and Trimble [82 ] in the context of Gel fond-Leontev 
derivatives / thus connecting-., ■•■he growth of the sequence 

00 

^^n^n=o growth parameters of an entire function. 

In Particular / they proved that if / f given by (1.5 . 9 ) a is 
a transcendental entire function of order A and type r / then 


( 1 . 5 . 20 ) 


ita Inf 

n CO ' • 


n 


lim inf [ 


n 


n 


k=N k 




l/A 


( 2ch) 


l\- 


A 


where N denotes the non-negative integer such that for n ^ N 


/ 
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It follows from (1.5.20) that if lim inf d n” and 

n -♦ oo 

lim inf P = 0 = / then x = o. 

n CO 

ro 

For an entire function f / an upper bound for and 

CN> 

P (c) in terms of the growth number T and 5 t defined by 
( 1 . 3 . 9 ) / is also obtained [ 88 ] • Thus / if f / given by 
(1.5'. 9 ) / is entire / 


( 1 . 5 . 21 ) 


and 


V^n+l 


( 1 .5 . 22 ) 


is 


1 im sup 
n-»^= 


^n+1 ^n-1 

2 

a 


I ^ 1 


n 

non- decreasing sequence / 

sup «v. 2 ^ 3 / 6 

lim { } P - _ 

n-“= inf 2'^3/r 

/ 


then 


and 


sup <0 >/■ 2/6 

( 1 . 5 . 23 ) lim { } P„(c) ^ 

inf '^2/T 

/ 

Since for the function f ( z) = e^ > (l.5.2l) is satisfied' 
and ~ ^ ' ^n^^^ = 1 -f the constant 2'^3 in (1.5.22) can 

not be replaced by any constant less than ^ and the constant 
in ( 1 . 5 . 23 ) by a constant less than 1. 

CO \ 

A function f ( z) = S a_z ^ is said to be defined by 

00 

a gap series if a^^ / o / = 1 and ^^n^n=l ^ strictly 

increasing sequence of positive integers* Several results 

CO 

connecting the sequence ^Pn^n=o growth Parameters 

and growth numbers of an entire function f can be extended, 
and improved if the function f has gaps* Read [ 68 ] showed 
that if f is an even transcendental entire function / then 
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the constant W in (1.5.9) can be replaced by log(2+'^3) . A 
similar result for functions analytic in a disc was proved 
by Iyer [ 37 ] « Shah and Trimble [ 8 7/88 ] extended this 

study and obtained a number of results in this direction with 
restrictive gaps* 

Further / the conditions on the zeros of functions to 
be in the class E are studied by Shah and Trimble [ 04/90] 
and Salmassi [ 72/73 ] . 

1 .6 In this section we discuss some results for analytic 

functions with some of the derivatives univalent in the unit 
disc A . 

Prom ( 1 . 5 . 10 ) t it follows that if = 1 / then f 

n 

is an entire function i.e./ R = “ . However/ if infinitely 

many s are zero / then (l .5 .10) gives no non- trivial 

information about the radius of convergence R of f / given 

by ( 1 . 5 . 9 ) . For instance / the function 2sin(7T z/2)/Tt 

is entire while (1.5.10) only gives that its radius of 

convergence is greater than equal to zero . This shortcoming 

( n ) 

is partially overcome by considering the derivatives f of 

f to be univalent in A for a strictly increasing sequence 

CO 

{np}p_jj^ of positive integers. 

^ n 

Let E(n /R) denote the class of functions f ( z) = S a "z 
^ 11=0 ^ 
analytic in A and having radius of convergence R / o < 
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( n ) 

such that f / p = 0/1/2/ is univalent in A for a 

CO 

strictly increasing sequence of positive integers • 

Shah and Trimble [ 83 ] proved that if f £ ECn^/R) / then the 
following relation between the radius of convergence R and 

CO 

the sequence ^ hold '• 

1/n P/^-n 

(l*6.l) lim inf (n, n •*-n ) R lim sup 4 - ^ 4R . 

P-* ^ - P 


From (l.6.l)/ it is clear that if 


(1 . 6 . 2 ) 


‘Vi"V ' °'^°® V 


then f is entire. Here and in the sequel q 2 (x) = oCq^Cx)) is- 
used to mean that the functions q^ and q 2 are defined for 
X > Xq / ^2^^^ ^ ° q-j^ ( x)/q 2 ( x) -* o as x-» <». 

Further / if there is a integer M > 1 such that 

lim inf(n_T-n J ^ M / then 
p oo P+J- P 


( 1 . 6 . 3 ) 


1/n M-l 

1 im inf F ( n. n . . . n ) P ] ^ R 

p -. 9 . Cw 1 P 


It follows from (1.6. 3 ) that if lim (n ^-n ) = <» and 

1/n p-^*« P 

lim inf (nun^.'.n ) P > 1 / then f is an entire function 

P CO ± ^ i/ 

ro 

Suppose f £ E(np^.R) and let 

n 

a = lim inf — P 

° p -* CO 


A relation between R and is obtained in [ 85 ] -Thus / it is 
proved that 

( 1 . 6 . 4 ) If = 1 / then R = / i.e. f is entire 
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, . a./ ( ^ 

( 1 . 6 . 5 ) IfQ.< then R S y— ' — 

” o 


If cCq = 1 / then RSI. 


( 1 . 6 . 6 ) 

The inequality (1.6.5) is Sharp [ 86] . We note that the 
condition oc^ = l is weaker than (1.6.2) . Further / it is 
shown that if J^p+ 2 ~ 2 '^p+l‘^’^p = ®^^p^ " ^ an entire 

function. 

A function s(x) continuous on [l/^o)/ is said to be 
slowly Oscillating if for every positive number c > o / 

s(cx) 


lim 

X CO 


si x) 


= 1 


Shah and Trimble [93/86] have given some other sufficient 

conditions on the sequence J^p^p^^^ al so /restricting the growth 

00 

of the sequence { p -:2 slowly oscillating functions 

[35/ 44 ] which forces the functions f to be entire of order 
not exceedina a finite number depending upon the slowly 
oscillating functions . 

In [86 ] / they obtained an upper bound on the order 
of an entire function f in terms of the exponents {n } for 


( n ) 

which f P is univalent in A . Thus / if f e E(n .“) and 

P^ 

log np~log n / i.e./ lim (log n /log n _) = 1 / then 

p CO 


P' 


(1 .6.7) 


log(n -n^ ■,) 
1-lim sup 


' log Hp 


It follows from (1.6.7) that if ( 1 , 6 . 2 ) holds / then A ^ 1 . 

CO 

Also / if the growth condition on Jn } ^ is taken as 

P P=1 



rip ^p+1 ' then ( 1 . 6 . 4 ) gives that f is entire • 
Let 


( 1 . 6 . 8 ) 


1-1 im sup 

p 00 


log(np-n^^^) 


log n. 


P 


Obviously /A''S 1 . So / if 0^ 1 / then (1.6.7) gives 

no information about the relationship between the sequence 

CO 

{ 1 and the order A of the entire function f • Infact / 

P P=i 

Shah and Trimble [ 86 ] showed that no such relation exists 
by showing that/ if o^ A-^1 / then there exists an entire 
function f of order A such that f^ "^is univalent in b / 
if and only if / n = np for some p . It follows therefore 
that the inequality (1.6.7) is sharp for A= 1 • It is also 
shown that if A / 1<A is given then there exists a 

CO 

sequence £n } , and an entire function f of order A such 

^ jj— X 

( n ) 

that f ^ is univalent in A and equality holds in (1.6.7). 

It is natural to enquire therefore that given A / 1 < A <<»/ 

CO 

and a sequence {nplp_^ of strictly increasing sequence of 
positive integers / does there exists an entire function 
such that f is univalent in A and equality holds in (l'.6>7) 

The answer to this query is also given in affirmative in [ 86 ]v 


If A^ defined by (1.6-R) is finite / 
entire function of order no greater than A 


then f is 
- * 

* If A = 


an 

00 , 


then f need not be entire and if it is entire / it may be of 
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any Oder* This is in analogy to the discussions in section 1 .3 
for the coefficient characterization of the order of an entire 
function. 


The following result of Shah and Trimble [ 86 J gives 
an upper bound on the exponential type of an entire 


function in terms of the exponents {n } , for which f 

jj X 

is univalent in A . Thus / if f e E(n^.l) and 


( np) 


(1 .6*9) 


lim sup (n^, ,~n^) = /i. < ■=“ 
p ^ m P 


then f is an entire function of exponential type 
Tj ( = lim sup (log M(r/ f->/r) ) satisfying 


r 

( 1 * 6 . 10 ) 


4 3 ( 21 ) 1/2 ^ 1/24 (^,^ 1 ) 7 / 2 . 


This result has been further improved and extended by 

CO 

Shah [ 80 ] . Let f be analytic in A and a strictly 

increasing sequence of positive integers such that f'‘ is 


univalent in A . Set -> 
.s. .P 




= S 
j=l 


log { (n.-n. I * h‘ ^ = log n - p=l* 2 


sup r> ^ ^ 

1 im — "H / 1 im 


P 

sup 


= 


p ^ ^ i nf ^p p 1* «= i nf 

Then / it is proved [80 ] that 


n 


P 


1 

> 

'2 


( 1 . 6 . 11 ) If lim f = “ > than f is entire '« 

P ■ 


If V 


0 >0 >6 and f is an entix'e function of 
I X 


exponential type T 3 _ satisfying 


0 


( 1 . 6 . 12 ) ^ Clog c^ + ^(2 - #) + 2 0Xog(l+ ^)} 

Q X g 
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where 1 ^ ^ 1 .0691 t is a constant . 

( 1 . 6 . 13 ) If T} = CO 3 _nd lim ^ = ==■ / then f is entire but 

p ^ 

not necessarity of exponential type . If lim inf 

p -► CO 

then f may not be an entire function. 

CO 

If the sequence (n } , satisfies (1.6.9) / then the 

ir 

following results better than (1.6. 10) and (1.6.12) are 
obtained" 

( 1 . 6 . 14 ) If b =1 / then a 2''^3 

CO *1 

( 1 . 6 . 15 ) r-, 5 exp {0 loo G, + T? + 29-.log(l + =^) 

(1*6.16) ^ c^ ^ (M- +1 ) ! (ri +1 ) } • 

Further / 


(1.6.17) If (n_-n ) - )i as P t then 

Prl p 

T 3 _ ^ £ c^(4+l) ! ( 4 + 1 ) . 


1.7 Some of the subclasses of E(c.f. Section 1.5) having 

many interesting properties are studied by Buckholtz' and 
Shah [l7/18].We give in this section basic definitions and 
results concerning these subclasses* 


CO 

Let {bj be a sequence of positive numbers such that 


(1 .7.1) ■ bj_ = 1 


n+k~l 




k! 




bj_|_2 * n = 0/1/ 2 < 


,=n 



4P 


Suppose {Sj^}n=o ^ sequence of complex numbers such that 


(1.7.2) 


= o / ^ = 1 and 


^n+1 


“n 


n+l 

n+1 


n := 1/ 2/ 


Let|;;q denote the class of functions f ( z) = z + 2 


n=2 




n 


for which' there is a sequence of positive numbers / {b^ * 

satisfying (l.7,l) and (1.7.2). 

If f e.!;' - , then Buckholtz and Shah [l8 ] proved that f*' 

( n) 

is starlike univalent in A and t for each n S 1 / f is 
univalent in A . Since / the function (e^^-l)/7r is in E 
but not in jj- t the cl ass [p is properly contained in E. Als04 
it is proved in [l8] that 

(1.7.3) a^''={sup la2l * f 2 

sup {c-j_(f) = lim sup ■ ; f£[£} = logZ' 


(1 .7.4) 

(1 .7.5) 

and 

(1 .7.6) 


f ( z) f ^ 


2 2'^'-! 


elog2 log2' 


I f^ ( z) 1 ^ 


zl 


clog2 

for all z * Further / if equality holds in ( 1.7.1) for 

CQ 

some positive sequence {b. } such that b = 1 / then 

b,. = log2 / j S 2- 

Recently / Juneja and Shah [ 41 ] extended the above class' 

to the class consisting of functions of the form 

f(z) = z +■ 2 a„z^ provided there is a sequence {b. of 

n=2 ^ J J-J- 

positive numbers / satisfying 
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(1.7.7) 

and 

(1 .7.8) 


( k+l ) 

= 1/ S -5 — — I I b.^„ ^ 1 ^ n 

1 k=i '\+i-"'S2 ji; 


O/ 1 / 2 / ’• ’* 


a, 


n+1 


n 


o 


n+1 


d. 


/ n = 1/ 2/ . 


n+1 


They proved that if f £[£(d) / then f is starlihe univalent 

"k. 

in A and for each k^l / Dfis univalent in A - The 
class [F(b) is properly contained in the class E(d) 

■( G .f .^action 1.5). The class ^(d) may contain / in general / 
functions that are not entire. If ~ o(l) t then 

f e j^D) is necessarily entire . However t the converse is 
f al se. 

Another subclass of E y that contains the class E * is 
studied by Buckholtz and Shah [l7] . Thus /• we have 

Definition 1.7.1 a function f analytic in the unit disc. A 
and satisfying the in finite system of inequalities • 

-( k+1 ) 


(1 .7.9) 


n=2 ^ • 


( o) I / k = O/lr 2/ 


is called absolute starlike * 


Eor an absolute starlike function f and every nonnegative 

( k) 

integer k the image of A under kth derivative f is starlike 

with respect to the point f^^^(o). Absolute starlike functions 

are necessarily entire and of finite exponential type [ 81 ] • 

Let A denote the class of absolute starlike functions f for 
s 

which f(o) = f^Co)—! = o and B denote the subclass of A 

s 
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( k) ^ . 

consisting of those functions f for which f (ohis real 
and non-negative for each k = 2/3# ••• • 


Definition 1.7.2 A function f analytic in the unit disc 
A and satisfying the infinite system of inequalities 


(1 .7.10) 
is called 


CJ 

S n^ 
n=2 


n| 


absolute convex 


f^^+^^(o) 


iC = 


For an absolute convex* function f / the image of A 
( k) 

under f is a convex set for every nonnegative integer k. 

Let A denote the class of absolute convex functions for 
c 

which f(o) = f'Co)-! = o and B denote the subclass of A 

c c 

consisting of those functions f for which f^^ (o) is real 
and no n- negative . for each k = 2/ 3# • * • * 


To study certain extremal paroblems for the classes 

A and A / Buckholtz and Shah [l7] defined the linear 
s c 

functionals and by 

(1.7.11) ^k^f^ 2f^^^(o)-f^^^(l) 

(1.7.12) V^(f) = 2f^^^(o)-f^^‘^^^(l)-f^^'*’^^l) 
fork = o/l/2/*^* • 

It is easily seem that f is in B / if and only if / 

s 

f) S o / k = 0/1/ 2/ • • • 
and f is in / if and only if / 

Vj^( f) ^ o / k O/ 1/ 2/ • • • 
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The representation of entire functions of exponential type 
in terms of a series of Appell polynomials play an important 
role in the investigation of certain extremal problems for the 
class A and A . The Appell polynomial sequences {P^Cz)} 

SC— " Ix ^ 

defined by the relation 


CO 

^n=o 


(1 .7.13) 
and 

( 1 . 7 . 14 ) 

A1 so / let 

(1.7.15) 
and 

( 1 .7.16) 


n=o ^ 


q„(z)w^ = e^'^C 2 -(l+w) e^) ^ 

n=o 


S. u = ( 2 - 6 "^)"^ 
n=:o 


2 = ( 2-(l+w) e^) . 


n=o 


n 


Then / by (1.7.15)/ we get the following representation of 


n 


Pn^ 


Similarly / (1.7.16) gives 




} 

■k^k=o 




CO 

n 

) = Un . 

Pn( z) 

= S 
k=o 

gives 


CO 

n 

\ * 

> = V / 

n 

qn(z) 

0 

ii 


o k 

z 

n-k H 


V 


n-k kl" 


Now / by normalizing the polynomials and qj^( z) / 

( z) and Qj^( 

P^(z)-£(o) 


CO ^ 

define the polynomials ^ 3 ^( 2 ) and Qj^( z) as 




■n 


ro 

p;(o) 
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Q„(2) = 


~ U)-SJo) 


q, 


n 




ro/ 


<lJo) 


Buckholtz and Shah [l7] proved that 
(1-7.19) 


lim P ( z) = F ( z) 

ii 3 

Caj 


(1 .7.20) 


ro fo 

lira Q„( z) = F ( z) 
^ ^ n G 

n 


r» 

uniformly on compact sets / where F ( z) = (2 -l)/log2 B / 

s ' s 

F^( z) = (e -1)/ a 0 and cc is the root of the equation 
( 1 +w) = 2 • 

Using (1.4»ll)/ the polynomial representation formulae 

for entire functions of exponential type less than log2 or cc 

is found in [*1^]. Thus / if f is an entire function of 

exponential type less than log2 and f(o) =0 / then 

00 

(1-7.21) f(z) = S U (f) (z). 

n_o ^■•■1 ^ ^+1 

Uniformly on compact sets* The function f ( z) = F ( z) £ B 

s s 

shows that the representation (1.7.21) is not valid for 
every function in B 

s 

Likewise / if f is an entire function of exponential 
type less than a with f(o) = o / then 


(1 *7.22) 


CO «N> .SJ 


The function f ( z) = F^(z) e 3 ^ shows that the representation 
(1.7.22) is not Valid for every function in B 
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Using the representation formula (l»7.2l) and (l>7‘. 22 )/ 

the sharp coefficient bounds for functions in A and A can 

s ^ 

CO 

be obtained [17] . Thus / if f ( z) = 2 ; + S a.z is in A / 

n=2 

then 

(l»7»23^ I a„ 1 ^ —————— f n5= 2*3^*** 


"n 

niu 


n-1 

and the inequality in (1-7,23^ is sharp • If f in A^ / 
then 


( 1 • 7 . 24 ) 


_ j ^ — t — 

^n - 


n ! V 


n-1 


and the inequality in (1.7.24^ is sharp. 

The following simplicial representation formula hold 
for functions in the class B or B [l7]. If f e B / then 

(1.7.25) f(z) =S(f)Pg(z) +2 

where 

<s> CO 

s(f) = 1 - S U (f) s O 
k=o 

Similarly / if f e B^ / then 


(1.7.26) 
where t 


f(z) =S'(f;q(z) + s V Cf)v^^ (^) 

k=o 


C(f) = 1 - S V (f) S o 
k=o 

The expansions are valid for all z and convergence of the 
infinite series is uniform on every compact set* 

The classes A and A are related by the following [l7]. 

S C). 

If f t A / then 2f( z/2) £ A . Conversely# if f £ A / then 
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the function where is the positive root 

of the equation 9 ~ ( z) = o. The inequality (l*7»23) and 

(1.7.24) can be used to show that every absolute starlike 
function f satisfies 

(1.7.27) f^^^(o) = 0(log2) 

and every absolute convex function satisfies 

(1 .7.28) f^^^(o; = 0(a) 

where a is the root of the equation 2-(l+w)e^ = 0 . 

Here and in the sequel <^(x) = C (q 2 (x)) is used to mean 
that the functions q^^ and ^2 defined for x > x^ / 
q 2 (x) ^ o and q 2 ^(x)/q 2 (x) is bounded as x'-*®®. 

Finally f if is known [l7] that entire functions 
satisfying (1.7.27) can be represented as the sura of two 
absolute starlike function and every entire function 
satisfying (1.7.28) can be represented as the sum of two 
absolute convex functions. 

1.8 The theory of univalent functions has a vast . 

literature sPa'^ning over several thousand research papers* 

The theory of entire functions is even more vast. Therefore/ 
to do justice to our presentation in this brief introduction / 
we have to confine ourselves in previous sections to the 
discussions of only those concepts and results from these two 
enormous fields that are relevant to our present study. 
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The discussions in Sections 1*5 to 1.7 reveal that 
analytic functions with univalent ordinary derivatives have 
been deeply studied during last two decades or so and that 
only a few authors studied analytic functions with univalent 
Gel fond-Leontev derivatives* Though / the later study is 
natural j non- trivial and much more general than the earlier 
study / very little progress has been made in this area 
of investigation. Thus / there is a clear need to study in 
detail the consequences of univalence of Gel fond-Leontev 
derivatives of analytic functions and investigate related 
function classes arising in the processes • Our present 
work is an endeavour in this direction. 

The thesis i's divided into six chapters / Chapter I being 
the introduction. 

In Chapter II / we study classes of functions of the form 

CO 

f( z) = z - 2 I a I z that are analytic and univalent in the 
n=2 

unit disc A and have some or all the Gel fond-Leontev 
derivatives D f # k = 1/2/ ... / analytic and univalent (or 
analytic and convex ) in A . We find sufficient conditions 
on the coefficients 1 a^l for functions f to be in these 
subclasses. For functions / specially different type of 
polynomials belonging to some of these subclasses/ necessary 
conditions on the coefficients are also obtained. Further / 
the sharp upper bound for the second coefficient of functions 
whose all the Gel fond-Leontev derivatives are analytic and 
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univalent (or analytic and convex ) in A is found • Besides 
giving several new results / our investigations in this 
chapter generalize the recent work of Silverman [94 j * 

Chapter III deals with the study of functions f / analytic 

in 1 zl < R / o < with some Gel fond-Leontev derivatives 

analytic and univalent in A . Vfe find relations between 

the expon..;nts n for which the Gel fond-L eontev derivatives 
n ^ 

D ^f are analytic and univalent in A and the radius of convergence 
R of f • The relations between the exponents np and the type 
of an entire function are also obtained* Further t sufficient 
conditions on the exponents n that force the function f to 

Jr 

be entire are found '• Our results found in this chapter 
generalize some of the results of Shah and Trimble [83j and 
give a number of new results* 

Chapter IV deals with the growth of entire functions f- 

n 

when some of the Gel fond-Leontev derivatives D ^f are analytic 
and univalent in A . 'Ve find upper bound for the Nachbin' s 
growth parameter ^-type of an entire function in terms of the 
exponents n * The notion of ’i'-order of an entire function 

Jr 

is introduced in this chapter and the characterization of the 

^-order in terms of the Taylor coefficients of the function f 

is found* Using this coefficient characterization / an upper 

bound for l-order of the function f in terms of the exponents 

n is obtained* The results of Shah [ 80] and Shah and 
iP 

Trimble [ 86] follow from the results found in this chapter* 
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In Chapt^ir V / we introduce the class of G-L absolute 
starliko functions consisting of functions f for which 
D f » k = 0/1/ 2/ •••are analytic in A and the following system 


of inequaJ-ities are satisfied. 

ro 1 (o j I 1 D^'^'^f ( o) I 

S n ^ — 

n=2 ^ 

k 

If f is G-L absolute starlike / then D f / 
are univalent in A . 


k = O / 1 / 2/ * • • 


k = O/ 1/ 2/ • • • 


Analogously / the class of G-L absolute convex functions 

jj- 

is introduced that consists of functions f such that D f / 
k = 0/1/2/ are analytic in A and the following system of 
inequalities are satisfied • 


k 

If f is G-L absolute convex function / then D f / k = 0/1/2/ •• 
are convex in A . We first develop some preliminary results 
concerning a generalization of Appeli. polynomials* Using 
these results / we find the sharp coefficient estimates for 
G-L absolute starlike and G-L absolute convex functions ; voiiavt 
D f , are entire. In the process / two polynomial representations 
for entire functions of finite 'i'-typc are found* Simplicial 
representation formulae for functions belonging to certain 
subclasses of G-L absolute starlike and G-L absolute convex 
functions are also found. Soma of the results of Buckholtz 
and Shah [l8] are special cases of the results found in this 
chapter » 


OO 

S n-^ 
n=2 


I D^'*'^f(o) J 

___ 


D^'^^f(o)l 




k = 0/1/2 
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Finally in the last chapter / motivated by the 
definitions of spiral ^li^e functions and starlike functions 
with respect to im- s’ymmetric points we define certain classes 
of function's related to Gel fond-Leontev derivatives* The 
coefficient Gst5-m3tos of functions belonging to these subclasses 
are determined. Further / the effect of fixed second coefficient 
on the growth of other coefficients for functions in chase 
classes is also studied • The results found in this chapter 
include several known results * 



CHAPTER II 


UNIV/J^ENT FUNCTIONS WITH NAGATIVE COEFFICIENTS 
HAVING UNIVALENT GELFOND-LEONTEV DERIVATIVES 


2.1 


Let T denote the class of functions of the form 


( 2.1 . 1 ) 


f( s) z - / a ^ o 

n=2 "" "" 


that are analytic and univalent in the unit disc A = {z-lzi<li 
and let G be the subclass of T consisting of convex functions 
in A. Let Df denotes the Gel fond-Leontev derivatives 
(c.f. Section I. 4 ) of f given by 


Df ( z) = 


% 


00 

- s 

n=2 


n n 


n-1 


00 

where { n-1 ^ non- decreasing sequence of positive 

numbers- For k = 2#3 / the kth derivative of a function 
f in T is given by 


V CO 


n-k 


Denote ■ D°f S f and D^f = Df , 

In this chapter / we study subclasses of T consisting 

of functions f for which soma or all the Gel fond-Leontev 

k 

derivatives Df / k = l/2/..» are analytic and univalent In A . 
Analogous subclasses of C consisting of functions for which 
Df / k = l/2/.../ are analytic / univalent and convex in A are 
also studied. We begin with the following definitions « 
Definition • 2 .1 -1 A function f in T is said to be in the class 
T^(d) if its Gel fond-Leontev derivatives Df is analytic and 
univalent in A . , < ' 

. imm' 


Li ^ ti a ffl.A *-9 4 1 if ’ 
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With = n / the class T^(d) reduces to the class 
studied by Silverman [ 94 ] ♦ However/ we shall show in 
Section 2*2 that/ in general/ the class need not be contained 
in ^ and conversely Tj^(d) also need not be contained in . 

Definitio n 2«'lo2 A function f in T is said to be in the class 
Cj^(d) if f is convex in A and its Galfond-Leontev derivative 
Df is analytic/ univalent and convex in A. 

Let Ct denote the class of functions in T for which f' is 
also convex in A. Note that the class C 2 ^(d) is a subclass of 
C (c*f. Section 1.2) and/for d^ - n/ C^(d) reduces to the class 
. It will be seen in section 2«2 that / in general / the 
class need not be contained in C^(d) and conversely C^(d) 
need not be contained in . 

Besides showing that / in general / the class need 
not be contained in T^(d) and conversely / the class T^Cd) 
need not be contained in in section 2.2/ we obtain sufficient 
conditions on the coefficients for functions to be in the 
class T^(d) . Similar results for the classes and C^(d) 
are also obtained in this section. Section 2*3 deals with the 
determination of some necessary conditions on the coefficients 
for contain polynomials in T^(d) . The necessary conditions 
on the coefficients of certain polynomials in C^(d) are found 
in Section 2*4* In section 2*5 / coefficient bounds for 
functions in the class Tj^(d) which need not be polynomials are 
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obtained* Finally in Section 2*6 / we find a sufficient 

condition on the coefficients for the univalent functions 

with negative coefficients to have higher order univalent 

Gel fond-Leontev derivatives or higher order convex Gel fond-Leontev 

derivatives* 


2*2 In this section we find sufficient conditions on the 
coefficients of functions in T or C to be in the class Tj^(d) 
or ( d) * We begin by constructing exaitiples to show that 
( d) and / conversely # T^(d) T^^* 

Theorem 2*2*1 There exists a function F e T such that F^ is 
univalent in A but its Gel fond-Leontev derivative DF ^ not 
univalent in A and / conversely / there exists ^ function G £ T 
such that DG ^ univalent in A but its derivative g' is not 
univalent in A. 


Proof * To see the first part/ let 

^2 


2’^'’^n( n-l) 
for some fixed positive integer N and 


f o < 


^N+1 * “ 


2^“^N(N+l) 




Now/ let ^ non- decreasing sequence of positive 

N— 2 

numbers such that d^ = 1/ 2 ” (N+2)/ * 

for all k> 1 * 


‘^tl ‘ %+l * _ N+2 1 

d^a^ ~ n(n+i) N 


Then/ 
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Hence / by a theorem of Qin Yuan->’:un [65/30] • there exists 
a real number cp^ such that the related function 

^n+l^n+1 n . i<P„ ^'j+1^+1 N . ~ '^n+l^n+1 _n 


(2*2-l) — ii.- — 2 4“ e’'o 

2 ^2 ^2 z ^2 


-s + S 


a=N+l ^^2^2 


is not univalent in A. Consider the function ? / defined by 


F( s) 


>1 

^ n ±<p^ l^+l “ n 

z ~ ^ a z - e o a^T, T z - t a„z 

n=2 n=N+2 

i<P. 


We can choose the argument of ajj^_j_-, such that e o o. Since/ 

N 10 

S na + e o ( N+l ) a.-r , , + ^ na ^ 1 

n=2 ^ n=N+2 

by (l*2»6)/ F £ T. Further / F^ is also seen to be univalent 

in A. Now/ 


N— 1 

DFCz) = d^-d^a^z' c3j^aj^z' -e o 


N 

Z —•ft 


In viav7 of (2.2-1)/ DF is not univalent in A. This proves- the 
first half of the theorem. 


To see the second part / let 


ds ( d2+d^ ) 


' a^ 




j^+d^{3d2+2d^ \j2d^+d^) 3d^+2d2 ^d^+d^ 


and 


^2'^3 


2 /2d2+d^ ( 3d2+2d2 J^d^) 

where the sequence {d^} of increasing positive numbers is 
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chosen such that " 2 d 2 > • Then / by the choice of s 

1 


_ J_2, 


2a^ 


d^4“d , 
2 4 


> 


Therefore / by a theorem of Qin Yuan-Xun [65 / 30 ] there exists 
a real iiUiTiber such that the related function 




- 32 , 3 

2 + -r— — 2 -I- e 1 2 

®2 


( 2 . 2 - 2 i 

is not univalent in A. Consider the function G / defined by 


n( ] 2 3 i^T , 4 

Gl.z-' = 2 - a ^2 - a^z - e 1 a^ 2 , 


i^. 


We can choose the argument of such that e 1 a^> o. Since / 

i^ 

2 a 2 + 3a2 + 4e la^=l 
it follows by (l*2*6) that G e T. 

Now# 


dj_-DG(z) 

d a 
2 2 


= z t 


is 2 ^ '^4 3 

^ 2(dj+d^) 


In view of (1.2. 4 ) # it is seen that DG( z) is univalent in A. 

However # G* is given by 

n' r , t o 2 ^ i^T 3 

G (. z-* = 1 - 2a2Z - 3^2 - 4e 1 a ^2 

so that by (2*2.2) # g' ( z) is not univalent in A. This completes 

the proof of the theorem. 

Our next theorem aives a sufficient condition for 


functions in T to be in the class T^(d) . 
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Theorem 2*2*2« Let fCz) 


- S / a 2 > o ^ in T- If 

n=2 


(2.2.3) 


S (n-l)d a_^ d^a„ 
n=3 2 2 


then f ^ ini ( d) - 


Proof • Write / 


( 2.2.4) 


d, -Df( z) 
g(z) = ^ 


^2 '^2 


z + S 

n=2 


“ '^n+l ®'n+l n 


^ 2^2 


z + 2 b z ( say) 
n=2 


The function Df( z) is univalent in A / if and only if/ g( z) 
is in S. Since i by (1.2.16)/ 


S nb = 2 n~~i^2±l ^ 1 

n=2 "" n=2 ^2^2 


which is a sufficient condition for g( z) to be in S/ we 
have Df ( z) is univalent in A. Thus / f £ T^(d) . 

Remark . The inequality in (2.2.3) is sharp in the following 

00 

sense J For given e>o / there exists a sequence ^n=2 


such that S (n-l)d_a = d„a,te and P ( z) = z- 2 a (£)z^ is 
n=3 ^ n=2 

in T-T^(d) . To demonstrate this / let o< a.^< 1/2 and n be any 


positive integer such that 

( 2.2.5) 


d a +£ 

^^2 - 


Let 


Pg,(2) = Z 


^2^ “ 


'^2^2'*'^ ^n+l 


nd. 


n+l 
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Clearly/ 2 ~ view of ( 2 . 2 *b) / F^ £ T 

n =3 

But / g^(z) = ( d^-DFg. ( z) )/d 2 a 2 is not in S since 

g^( z) = !+(!+£/ < 3 . 232 ) z^~^ = o / for some z^ in A. Thus/ F^, / T^ 

00 

Corollary 2.2*1. Let f ( z) = z - 2 a / a S O/ n = 3/4/ * * ./ 

n =2 n n 

o < a 2 2 d 2 /^ 4 d 2 + 3 d 2 ) • ^ (2*2.3) hoi ds / then f is in Tj^(D) » 

Proof . From (2*2*3)/ we have 

( 2 * 2 . 6 ) 


“ d a„ 

2 d^a^^ 
n=3 ^ ^ ^ 


Further/ since {<3.^^^^=! non- decreasing / 

00 QO 00 

^ - 2 (n-l)d„a„ + 2 d a„ • 

3n=3 n=3 ^ ^ n=3 ^ 

Now/ using (2*2*3) and (2*2*6) in the above inecguality/ we 

get for o. < ^2 ^ 2d^/(4d2+3d2) / 

00 3d^6.« 

2 na ^ 2a -H 
n=2 n n 2 d 3 

This proves f £ T and Corollary 2*2*1 follows from Theorem 2'. 2'* 


Taking d^^ = 1 in Corollary 2*2*1 / we get 

00 

Corollary 2*2*2 Let f ( z) = z - 2 ~ ° ^ ° ^ ^2 ~ * “ 

n=2 


( 2 * 2 *'^'^ 

then f and Lf are univalent in A. 


2 ( n— 1 ) a ^ 3- 
^ n 2 

n=2 


In the following theorem / a necessary and sufficient 

QO 

condition on the coefficients for a function f( z) = z+ 2 a z 


n=2 


n 


to be in the class T, (d) where / a need not be real / is 

1 n 


(d) * 


obtained 
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Theorem 2^2-3 Let f ( z) = z + S a^z / 3.^'^ ^ 2 - ^ ^ = 2/4/ • 

” n-2 

82 o • 'Then JJf ^ univalent in A , ^ and only if / 

S (n-l)d^l a^l ^ d 2 l a 2 i '• Further / if 1 a 2 1 ^ 2 d 2 /( 4 d 2 + 3 d 2 ^ / 
n=3 

then f belongs to T^ ( d) . 


Proof- The function Df ( zJ is univalent in A / if and only if / 


( 2 . 2 * 8 ) 


g( z) = 


dj_-Df( ; 


= z 


cc 

. s 

n =2 


n +1 ‘^'n+l 


n 


= z - S b z (say) 

^ n 
n =2 

00 

is in T . Since / S nb ^ 1 is a necessary and sufficient 

n=2. ^ 

condition for g( z) to be in T / we see that the function Df( z) 

00 

is univalent in A / if and only if / S (n-l)dj^l a^l ^ d 2 l a 2 l • 

n=3 

This proves the first Part of the theorem. 


It is easily seen by following the same lines of proof as- 
in Corollary 2.2.1 that / if 1 a 2 l ^ 2 d 3 /( 4 d 3 + 3 d 2 ) / in addition 

QO 

to S (n-l) dj^l aj^l ^ ^ 2 *^ 2 ' ' ^ ^ ' 

n=3 

in this case / f £ T 3 ^(d) . 


Putting dj^ = i in Theorem 2.2.3 / we get the following result 

00 ^ 

Corollary 2.2*3 Bret f ( z) = z + 2 a^z / a^/a 2 ^ o/ a 2 /= o 

n =2 

Then / Lff is univalent in A / if and only if / 

S (n-l)/a^l 


n=3 


^2 ' 


Further / if I a 2 l ^ 2/7 / then both f 


and Lf are univalent in A. 

Remark . By taking = n some of the results of Silverman [94 ] 
follow from Theorems 2.2*2 / 2*2*3 and ‘Corollary 2*2*1* 
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Now we give example to show that Gj^cz!:C^(d) and/ conversely / 
C3_ ( Dj szf . 

Theorem 2*2*4 There exists a function F C such t hat F* 
i s convex in A but its Gel fond - Leontev derivative DF not 
convex in A. Conversely / there exi sts a function G such 
that its Gel f o nd - L eo nte v derivative DG ^ convex in A but ita~ 
derivative G^ ^ not convex in A. 


Proof • Choo se 

^2 1 

a = — r # o < F • n=3/ 4/ • • / n;^N+l 

for some fixed positive integer N S 3 and 

I I _ ^2 

'^N4 -i' = • 

Let {dj^}n=i ^ non- decreasing sequence of positive numoers 
such that 


'%+! ' ‘a 22 ”- 2 (N+ 2 )^ - for all k>l. 

Since / 


\t+1 ' ^N+1 

d- a„ 

2 2 


>1 


it follows [65/ 30 1 that there exists a real number < 9 ^ such 
that the function 

(2.2.9) ^ ^ ^ ^2 +...+ %Ai±l A... 

^ 2^2 ^^ 2^2 


is not univalent in A . Consider the function F , defined by 

^( \ 2 3 N iO N +1 

F(z) = 2 -a 2 Z -832 a^z -e o 


• • 
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we choose the argument of such that e o o* Since 

^ 9 tCD oo p 

s n^a„ + (N+l)^e-^^o a..^, + S n^a„ ^ 1 
n=2 ” n*N+2 " 

it follows by (1.2.28) that F e C. It is easily seen that 

' e " is also convex in A . Now/ 

N-1 i<^o , N 

wHzJ = d^-d 2 a 2 Z d^^aj^z -e ° - 

In view of (2.2*9)/ the function DF is not univalent in A 
and hence not convex in A . This completes the proof of 
first half of the theorem. 

To show the converse part / let 


18A 


/2t (l-t ) 
, . I o o 

'^2V27-25t 


9d3A 




'^2'^o^2 

9d, 


where 


^ 4a^ d„ 

A — ;^(l+~^t ) + — ^ 
A - 9^-i-+9d ^ d, 

4 3 


fet (l-t ) 

I o o_ 

V 27 - 25 t ' 


t^ = (27-3 v/^)/25 . 


Let the positive numbers d 2 and d^ be such that 


( 2 . 2 . 10 ) 

Due to (2.2.10) 


3d^ l2t (l-t ) 


■^3 '' 


— ^ — > i. 

27 - 25 t 2 


i2t (l-tl) 


3 I a, I 27 - 25 t 


2^2’ 





61 


Therefore / it follows [65 / 30 ] that there is a real number 
^1 that the related function 

(2.2.11) z + e^^ z^ 

is not univalent in f . Consider the function 

'i 2 i^i 3 4 

e( z) = z-a^z '“^3® ^ ^ "^4^ ' 

iCp, 

we choose the argument of a^ such that a^s -i- >0. Since / 

i'^T 

4a2+9a2e 1 - +16 a^ = 1 

we have by (1.2.2B) / the function G is in C. Further /■ in 
view of ( 1 . 2 . 12 ) the function 

l<Pn 

d^-EG(z) d^a^e 1 d 3 

is convex in A. But/ since- 

±(p O O 

G' ( z) = l- 2 a 2 Z- 3 a 2 e 1 z -4a^z'^ 

in view of (2.2.11) G_.(z) is i-^ot univalent in A and hence 
not convex in A . Hence the theorem . 

In the next theorem / we find a sufficient condition 
on the coefficients for functions in C to be in the class C^_(d) . 

OO 

Theorem 2.2*5 Let f ( z) = z— 2 a^z / a,, >o / be in C. If # 

n =2 

. 9 

(2.2.12) S (n-lJ S d^a ■ 

n=3 

then f belongs to the cl ass ( d) . 
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Proof * We have / tho function Df ( z) is convex in A / if and’ 
only if / the function g( z) defined by (2*2.4) is in K. 


Since t S n b = S n 
n=2 n=2 


2 °-n+l ^ntl 


"^ 2^2 


^ 1 is a sufficient condition 


for g( z) to be in K/ we have Df ( z) is convex in A . Thus e 


f £ C^(d) 


With = n 


Theorem 2*2*5 gives the following sufficient 


condition for functions in C to be in the class 


Co roll arv 2*2*4 Pet f( z) = z - S a z’^ / a„> o / ^ in if 


(2.2*13) 
then f belongs to 


n=2 

S n( n-l-> ‘^a ^ 2a„ 

n=3 2 


Taking = 1 in Theorem 2*2*5 / we get 

CO 

n 


n 


2 — 


Co roll arv 2*2*5 Let f ( z) = z-S a^z“ f a^ > o / be in C* I£ 

n=2 

(2*2*14) S (n-l)'^ a^ ^ a„ 

n=3 

then is convex in A * 


^ O/ n = 3/ 4^ • • •/ 


Co roll arv 2.* 2*6 Let f ( z) = z - 2 a z’^ / a^ 

n=2 

o< a^^ 4d„/(l6d„+9d^) * if (2*2*12") holds * then f baloncs to C, ( d) * 
2 3' 3 2 — — — — . — j_ 

Proof « In view of (2*2*12) / it is sufficient to show that 

2 

fee. Since ((n-l)/n) d^^ is a non- decreasing function of 
n / it follows that for n = 3^4/ ..* 

^n^ 9^3 
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Therefore/ 


OO ^ CO ^ 

|d3 E n^an^ S V 2 ' 

n=3 n=3 

Since/ for o < ^ 4d3/(l6d3+9d2) / 

00 o ^ ^9 

S n a — 4 3 l + — Sur^ ^ 1 * 

n=2 " 2 4dj 2 

it follows by (l^l-lS) that f i C . This proves Corollary 2-2-6 


Ratting == n in Corollary 2* 2*6 / we get 

Co 3 roll ary 2*2*7 Let f ( z) = z - S a^z / a^^O/ o<a 2 ^ 2/11 • 

n= 2 

If (2»2.13) holds / then f belongs to • 

Taking = 1 Corollary 2*2*6 / we have 

n 

Coroll ary 2*2*8 Let fiz^ = z — E a^z / ® ^2" * 

n=2 

If ( 2 * 2 * 14 ) hoi ds / then both f and Lf are convex in ^ • 

In the following theoren / we find necessary and 
sufficient condition on the coefficients for functions of 

CO 

the form f ( z) = z + E u^z to be in the class C^(d) where 

n=2 

a * s need not be real * 
n 

00 ^ 

T heo rem 2*2*6 Let f ( z) = z + E a^z / a.^a. 2 -^ ’ ^2 ^ ^ * 

~ n =2 CO 2 

Then Df is convex in A / if and only if / E (n-l) “ *^ 2 ' ^2* * 

n=3 

Further / if I a 2 l ^ 4d3/(l6d3+9d2) / then both f arid Df ^ 

convex in A . 

00 Q 

Proof. Since / S n‘^b„ ^ 1 is a necessary and sufficient 
n=2 ^ 

condition for a function g( z) = z - E * defined by (2*2*8)/ 

n=2 

to be in C/ the result follows by using the same lines of proof 
as in Theorem 2*2*3* 
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With ' Theorem 2-2*6 gives 

CO — 

C o roll ary 2-2*9 Let f ( z) = z + S ^2~ ^ ' “2 

^ CO ri— 2 p "* 

Then f CO nvex iE ^ if 2 n(n-l)'^a^ ^ 21 32 ! * Fu rth e r / 

if 1 32 ! ^ 2/11 / then both f and f' are convex in A . 

Putting = 1 in Theorem 2-2-6 / we get 

CO p 

C o roll arv 2* 2*10 Let f(z)=ztSaz / a /a^^O/ o • 

' ’ ^ nr 2 2 ' 

xl— z 00 ^ 

Then L f ( z) i_s convex in A / i^ and oriLv if / 2 n( n-1 j ^1 a I ^ I I * 

Further / if I ^ 2 !^ 4/25 / then both f and Lf are c onvex 
in A . 


2-3 We find in this section some sharp bounds on the coefficients 
which are necessarily satisfied for certain polynomials in T^(d) - 

Theo rem 2-3 -1 * Let f( z) = z- a. 2 'z^- * P / ( a^ > O/ * 

Then £ belongs to T^ ( d) v ^ and only if / 

l-2a„ 

/-FT 


( 2 - 3 - 1 ) ap^^ ^ mi 



Proof - We have (c-f. section 1-2) 

( 2 . 3 - 2 ) ^^^^^ 1 " 


if and only if /f e T 


On the otherhand / the function Df is 
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univalent in if and only'i[^g( z) = ( d^^-Df ( z) )/d 2 a 2 
- z + ^ ‘^p+i ^ ^ necessary and sufficient 

condition for g( z^ to be in S is 

(2.3.3) fetlfE+i- s 1 . 

*2^2 P 

Now / ( 2 * 3 - 2 ) and ( 2 * 3 * 3 ) hold / if and only if / f • 

Hence the theoreia* 


Corollary 2 * 3*1 Let f( z) = z-a 2 z' 
be in ( d) . Then / 


ptl 


"p+ 1 ' 


/ p ^ 2 ( Bp > O/ o) 


( 2*3 * 4 ) 


a <; ^ 

P +1 (p+l;d^+ 2 pd^ 


2 ^ p +1 

Equality in ( 2 * 3 * 4 ) hoi ds y i f and only if. 


F( z) 


^^p +1 _2 '^2 P +1 

" - (EH.l5d2+2pdp,j^" ' 


Proof * Since f e Tp(D) / we have by ( 2 * 3 * 1 ) 


^ 2^2 




PVl ^ 


This implies that ^ d 2 ,/(l P+ 1 ) d 2 + 2 pdp^^ ) • E(guality at 

^ 2 ' 


both the endsholds if and only if 32 = P'^p+i/^ ^Phl) d 2 + 2 pdp_j_^) 


and a|^£- d 2 ,/(J P+l) d 2 + 2 pQp_j_j^ ) • 


Theorem 2 * 3-1 shows that the function F( z) is in Tj^(d). 
Remark . For ^ ^ snd p = 2 / we get a result of Silverman [9 4 ] 
from Corollary 2 * 3 * 1 * 


With dj^ = 1 in Corollary 2 * 3*1 / we get the following 


result for shift operator* 
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( 2 • 3 • 7 ) ^ 


d„a^+3d. 

4 , . 4 

2d^ 


o ^ a, ^ r 2 ~~ 

4 5 d . 2 

4 


^ ^2 < < ^2 . 

' d_ ' 5d^ ^2“ 3d. 2 

3 4 4 


Further / f is in T / if and only if / 


( 2.3-8) 


l-2a.,-4a 

a ^ 2 4 

^3 - 3 


Thus / from (2-3.7) and (2.3-8) / f £ T^(d) / if and only if / 
for o^ a^ ^ ^ ^^4 ^ ^2 


(2-3-9) ^ min 


d2a2+3d^a 


l-2a„-4 a. 
. 2 _ 4 


and/ for ( 6 . 2 /^’^^^ 3-2 ^ ^ (d2/3d^)a. 


( 2-3-10) a.^ i min 


2 


l-2a_-4a. 


The right si da of (2‘-3.9) attains its maximum at a point where 


d.a,+3d.a. l~2a_-4a^ 
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( 2*3 -11 ) 


(4d_+3d„)a. + (9d.+8d_)a^ = 2d- 
3 2 2 4 J 4 3 


Setting a^ = = 5d~'*'^2 ' o ^ t ^ 1 / (2*3«ll) gives 

4 


a^=a2^t; = 


[(4d.+3d^)+ ^(9d.+8d-)t] 


5 4 3 ^ 




d-a-( t)+3d. a^ ( t) 
22 44 


Since / for o ^ t ^ 1 


( t) 


4d2d2 ( 3d^“2d2) 

_ 

5d L(4a^+3a2)+ ^(9a +8d )t] 

4 


( t) is an increasing function of t . Therefore / 
hj^(t) ^ h^(l) = (4d2/5d2)a2(l) • By (2.3.9)/ this gives 
for o^ a^ ^ 


( 2 . 3 . 12 ) 


5[(4d3+3d2)+ 5|-(9d^+8d3)] 


Similarly / the right hand side of ( 2 . 3.10) is maximized at a 


point where 

( 2.3 .13) 


d^ n/WV?^ 


l-2a -4a, 
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Owl 2 . 

LetcL=a,^tt)= ta^ / g- ^ t ^ 1 . Then / from (2.3'»3.3-' / v/e obtain 


a 2 =a 2 (t) = 


d. 


^ 2d„ 

2[ d^ v'( 3-t) t+ d3(i+^t) ] 


Let 


Then 


h 2 (t) = 


h;(t) = 


l-2a ( t)-4a. ( t) , 2d„ 


d^d,[ 3 a^- 2 (d 3 +a^)t] 


2d, 


3 \|r 3 -t) t [ d^'JTs-tTt+d^ ( 1 + 3 ^"^^ ] 


"i 2 


Now two cases arise. 


(i) ^ 2d2 » In this case / h^Ct) ^ o» 3/5 ^ t ^ 1. 

Thus / ^2^^^ increasing function of t . So / 


h 2 (t) ^ 1 ^ 2(1 ) = [l-2(l+2d2/3d^) a2(l)]/3 . Therefore / by 
( 2 . 3 . 13 ) / for (d2/5d^)a2 ^ ^ (d^3d^)a^ 

( 2.3 . 14 ) 


^3 ^ 


Since / for d^ i 2d^ t 


a /2 




2d, 


3 [d 2 >/ 5 +d ( 1 + 3 ^)] 
4 


Sd, 


- > 


we 


2 d d 

3[d2Vltd3(l+ j^) ] 5[C4d3t3d2)+ ^(9d^t8d3)] 

4 4 

have by (2.3*12) and (2.3*14) t for o ^ ^ (d^/3d^)a2 


d ^ 
2 


2d 


3[d,V7+ a,(l +^)] 


(2.3.15) 
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(ii) ^ 2d^. In this case / we observe that h 2 ^(t^) <o 
for t^ = 3d^/2( d^+d 2 ) • Further / 3/5 ^ t^ ^ 1 . Therefore t 
h^Ct) attains its maximum at t^ • This gives h 2 (t)^ h 2 ( 3d^/2( d^+d 2 )) 
that is / by (2«3-l3) 

( 2*3 .16) 








Since f for d^ ^ 2d^ / 
2 4 


8d, 


3 d„^ + 2d^ \/^+d. 


> 


^2^V^^3V^V^4 5[(4d3+3d2)t^(9d^+Bd3)] 


we have for o^ a^ ^ (d2/3d^)a2 


(2.3.17) 


^3 ^ 


_2 4_ 


3d2^Q^+2d3\f2d2+d^ 


This proves the inequality (2.3-6) 
We note that / 


^2 


_ ^ 

2fd2'^2td3(l+^)] 


/ a , = a . ( 1 ) = 
4 4 


4 j 


2d, 


6d [d >^+d^(l+^)] 


and 


oo fv> 




a„ = ^ = 1— 

^ ^ 3d,, \/2d„+d,+2d„( 2d„+dJ 


2 '-'-‘2 4 


2 4 


CO CO , > 

a , = a, C t / = 


fA 


4 o 


2E 3d2 ^|d^ ( 2d2+d^) +2d3 ( 2d2+d_^) ] 


2 4 
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Clearly > for ^ '^^2 ‘ function given 


F ( z ) = z 


d3(d2+d^; 2 ^^2 :^4 .. : 

* ' »»^n ■■' ■" ■■ ■III* I I i n w H IM II1I^III1- HH I W IIWI II 2 ^ mu 

3d2 ,jd^M2+d^) +2d3( 2d2+d^) 3d2'^^+2d3 JTd^ 


^ 2'"^4 




>L 3 d2 .Jd^( 2d^+d^) + 2 d3 ( 2d2+d^ ) ] 


and for d. ^ 2d2 / the function F given by 


F^( z) = z 


2 

z - 




O 9 

2 [ d 2 '/l+d 3 (l+:^) ] 3 [ d 2 '^ 2 +d 3 (l+ 3 ^) ] 


6 d^[d 2 '^+d 3 (l+^)] 

shows that the estimate in ( 2 « 3 » 6 ) is sharp* It is obvious 
by (1*2*4) that the functions F^(z) and ^2 ^^^ T^(d) * 

Remark. For d_ = n / Theorot 2 * 3*2 gives a result of 
— — — n 


Silverman [94 / Theorem 4] • 


Taking d^ = 1 in Theorem 2 * 3*2 / we get 

2 3 4 

■roll ary • 2*3*3 Let f(z) = z ~ a 2 Z -ajZ -a^z^ / ( a^ > O/ a^ 
So) be in T. If Lf is univalent in A / then 


( 2 * 3 * 18 ) 


The result is sharp / with equality for the function 


F( z) 


2213 1 ^ 

2 - Z - — z 

'^( 3 + 2 '^) ( 3 + 2 '^) 6 ( 2 +'^) 
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The next thaorem gives a necessary condition satisfied 
by one of the coefficient of any sixth degree polynomial ' 
belonging to the class T^(d). 

Theo rem 2*3*3 Let f(z) = z— a _ z a a,z^/(a ^ 0 /a,^ 0 / a^ ^ o ) 
— — — _ 2 4 6 2 4 6 


be in T^(d; . ^ dg^ Sd^ / then 


( 2-3 .19) 




^4 lOd^dg+1 2d2dg+6d2<i^ 


The estimate in (2.3*19) is sharp . 

Proof * The function Df(z) is univalent in A * if and only if / 

d^-Df(z) 

, ‘*4^ 3 , “6% 5 
^ 2^2 ^ 2^2 

is in S* Equivalently / by (1*2.5) / Df ( z) is univalent 
in A / if and only if / 


(2*3.20) a^^ 


d^a^+Sd^a^ d„ 

II o o ^ ^ ^ 2 

3d. ' °^®6^rOd.^2 

4 6 


2 J'^6 ®6 ^ ‘^2 '*6 ^6 '^2 

^ * *6* 5 ^ _ 

4 


Again / f a T / if and only if 


( 2 . 3 . 21 ) 


l-2a -6a^ 
^ 2 6 


Oi M 



73 


Now / from (2.3«20) and (2.3.21) / f e T^(d) / if and only 
if / foro^ ag ^ (d 2 / 10 dg)a 2 


d^a^+Sdgag 


3d 


( 2 . 3 . 22 ) a, ^ min 
4 


■4 


l-2a2-6ag 


and / for (d 2 /l 0 dg)a^ ^ ag ^ (d^/5d^) 


^2' 6' '=^2 


2 ,|dg ag ( d^aj^d^a^-dg ag 


( 2 * 3 . 23 ) a^ ^ min 


l-2a2-6a6 , 


The right side of (2.3*22) is maximized at a point where 


i . e • / where 

( 2 . 3 . 24 ) 


d2a2t5dgag l-2a2-6ag 

3d. ~ 4 


2(2d„+3d. )a.,+ 2(l0d^+9dj a^ = 3d . 
2 4 2 646 4 


a. 


Set/ag=a,(t) = 7 -;^-r“ta„ / o ^ t ^ 1 • Then / ( 2 . 3 * 24 ) yields- 


lOdg “2 
a2(t) = ■ 


3d. 


[2(2d2+3a^)+ gf-Ciodg+ga )t] 

6 

Consider the function / defined on [o/l] by 

d a ( t)+5d^a^( t) 

h ( t ) = -^-2 ^-2 

^1^^^ 3d, 

4 

d„(l+ ^ ) 


[2(2d2+3d^)+ §^(l0d^+9d„)t] 


6 "^4‘ 
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Since / 


9d?d. 


hj ( t) = 


- 5d 


6 


r ?(2d2+3d^)+ 5^ — (I0dg+9d )t] 
6 ^ 


> 0 , 


hj ( t) is an increasing function of t . Therefore / 

3d^ 


( t) ^ ( 1 ) 


2r2(2d2+3d^)+ g^(l0dg+9d^)] 

6 


so that by (2.3*22)/ for o g a^- ^ (d_/10d£)a_ 

b 2' b 2 


3d, 


( 2.3 .25) 


a, ^ 


4 ~ d- 

2f 2(2d2+3d^)+ g^(l0dg+9d^)] 

6 


Likewise / the right side of (2*3.23) is maximum at a point 
for which 


( 2.3*26) 


2 dg ag 




d^ 4 


Setting ag = ag(t) = (d2/5dg)ta2 • 1/2 ^ t ^ 1 / we see that 
(2.3*26) gives 


= 


Let/ 


h2<W 


8 d c3. 

[ 2d^+*-5^ + 5^^ 6d^-4dg)t] 

6 


l-2a„( t) -6af- ( t) 

-2 12 

4 

3d„ 

l-2a2(t)(l+ 5 2 t) 

6 


4 
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Then / 


At\2^t) = a2(t) 


5^ [ 20dg-(l2ci2+8dg)t-4dg 5 -tf] 

6 ^ _____ 
8d d 

[ 2d^ + + 5^(6d^-4dg)t] 

6 

since for dg S 3d^ / ^^(t) ^oi we note that h2(t) increases 
with t • Thus / for 1/2 s t^ 1 

3d„ 


h2( t) ^ h2( 1 ) 


16d„ d 
5[2d^+-5^ + 

O 


^'^2^6 ■ 

ClOd^dg+1 2d2dg+6d^d^T 

So that by (2 *3 *23) / for ( d„/10df-) a„ i S (d-/5d^) 


(2.3*27) 


2/ ^-v^g^ 02 ^ og . ^ 2 -' '"6 “2 

. 


^4 10d^dg+12d2dg+6d2d^ 


For dg S 3d2 / we observe that 


3d2d6 


3d, 


[I0d^dg+12d2d6+6d2d4] 2[2(2d„+3d )+ ?^(6d.-4d.)] 


L.- • cr-> — hr * 

4 5d, 4 6 

6 

Therefore/ for o ^ ag ^ (d2/5dg)a2 / 

3d d^ 

^ ^ 2-2 , 

^ (I0d^dg+l2d2dg+6d2d^) 

This proves the estimate in(2.3.19). It is readily seen by 
use of (1*2*5-) that the estimate -in ( 2*3 *19) is sharp for.- 


the function 
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F( z) 


d. 


Z “ 


2 

z - 




16 d- d- _ 

[2d,+-^^{6d,-4d^)] [I0d^d^+12d,dg+6d2dj 


^46 



With ~ n = 1 / 2 / •••/ in Theorem 2-3 *3 / we get the 

following result* 

Corollary 2 . 3*4 Let f( z) = z-a 22 ^-a^_ z^-agZ^( 32 > ©/ ^ O/ ^ o) 
M is '^1 • 7 'hen / 

( 2 . 3 . 28 ) 

The estimate in ( 2 r 3 . 28 J i^ sharp / with ecfUality. &r 

^ X. . ' 5 2 14 16 

function PC z.) = z - j^z ~ j^z - ^z 


We now prove 



( ao ^ o-' a.-, - O' ^ o) ^ iii T., ( d) . Then / 


h+1 


n 


( 2 . 3 * 29 ) a- ^ 


n(n-l)d2V„yA^ 


^ (n-l)a 3 ajj( 2 nd„^j^+(n+l)d 2 )+na 2 dj^^ 3 ^ 3 ( n- 1 ) 3 ^+ 21133 ) 


and 

, , , ^^■■^2‘^^rn-1^2.1 

\2 3 * 3 ^' Q* " — ■■I I ■ ■l.^li■■ill - 

(n-l)d 3 d^( 2 nd^^^ + (n+l)d 2 )+nd 2 d^^^A 2 ^^( 3 (n-l)+ 2 nd 3 ) 

for n = 4 / 5/../ and where A 2 ^ j_ = (n-l) sin( 27 T /(n+l) )/nsin( 7 T/(n+l) ) . 
The e.stimates in ( 2 . 3 . 29 ) ^ ( 2 . 3 . 30 ) ^ sh,ar£. 
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Paro of « Sinca the function Df( z) is univalent in A t ws have 

dj_-Df(z) 


g( z) = 


*^ 2^2 


, 2 , ^n^n n-1 , 1 n 

= dX ^ + d:x: ^ n ^ 


2 2 "2 “'2 

is in s. By using (1.2.6) / we get 


( 2 . 3 . 31 ) 


^ < 2 2^1 
^3 ^2 


2d 


and 

( 2 . 3 . 32 ) 

Again/ for f in T / we must have 

( 2 . 3 . 33 ) 


( n + l ) d ^ a ^ 

2a«+3e_+na„ + ^ 1 . 

2 3 n nd^^j_ 


Since f £. Tj^(Dj / ( 2 . 3 . 31 )/ ( 2 . 3 . 32 ) and ( 2 . 3 . 33 ) are 
satisfied • Thus / using (2-3.32) / (2-3.33) / we get 

3(n-l)d +2nd. 


2nd^^T +(n+l) d„ 

■ ^2 ■" (n-l)a 


nd 


’n4-l 


'n 


or 


( 2 . 3 . 34 ) 


nd 


So ^ 


h+1 


2 2ndn+i+(n+l) d2 


(1 - 


3(n-l)d +2nd 


n 


( n-1 ) d, 


n 


a ^>' 

3 


Using the above inequality in (2*3-^3l)/ we deduce that 

^ ^ n(n-l)d3dnd,^^i 

^ Cn-1 J d^d^C 2nd^_^^+( n+l ) d 2 )+nd 2 d^_j_j^A 2 ^ ( 3( n-1 ) d^+lnd^) 
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and by (2.3*32^ 


a ^ 
n 




( n-1 ) d 3 d^( 2nd^_^_^ + ( ^'■*'1 ^ <^2^ '''’^‘^2'^n+l'^2/ 1 ^ ^ ^n''’“^^ 3 ^ 


Consider the function F / given by 


2 3 _n '^2 

’■2^ -a^z 


F( z) = z-a«z‘'-a_ z'^-a_z** - — a^z'""'"^ / where 


n+1 


nd “2' 
n+1 


n(n-l)a 

a = 1 

^ n 


n( n-1 ) d2^n^n+l*l/ 1 


B 


n 


an = 


^^‘^2'^3\+1^2/l 


B 


n 


and 


Bn = (n-l)a3d„(2nd„^^H-(n+l)d2)+na2d„^^A2^^(3(n-l)a„+2nd3). 


d a„ 

Since 2a2+3a^+naj^+(n+l) = 1 and the function 

~ n+1 

(3j_-DP(z) ■ 2 ,^ n-1, 1 n 

-g-j— = 


is univalent in A [l0 2'] f the function P( z) shows that the 
estimate in (2*3 *29) and (2. 3 *30) are sharp. 

Putting dj^ = 3c / and n = 4’ in Theorem 2 -.3 -4 / 
we get the following necessary condition satisfied by ^ certain 
coefficients of the fifth degree polynomial belonging to 
the class T^^ • 
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Co roll ary 2*3«5 Suppose f ( 2 ) = Z“a 2 z^-a 2 z”-a^ Jq z^ (a2>0' 


- O' ^ o) is iji * Then / 

< ^-1 

^3 10 


( 2 . 3 . 35 ) 

and 

( 2 . 3 . 36 ) 




^5-1 

20 


The estimate in ( 2 . 3 . 35 ) and (2.3.36) are sha rp for the 
function 


F( z) 


(^ 5 - 1 ) 2 '€'-1 3 ^-1 4 (^ 5 - 1 ) 


^ T 2 


10 ^ “ 10 ^ “ 20 ^ 


100 


z • 


VJith dj, = 1 and n = 4 ^ Theorem 2 .3. *4 gives 

Corollary 2.3*6 Let f ( z) = z-a 2 Z -a^ z'^-a^z^ - ~2 ( a 2 >o/ a^ ^ 

a . ^ f and . L f are unival ent in A / then 


( 2 . 3 . 37 ) 

and 

( 2 . 3 . 38 ) 


3 (^- 1 ) 
^ 17^-22 






2 (^- 1 ) 


1 71/5- 22 

The estimate in (2*3.37) and (2.3*38) are sharp for the 
f unction 


F( z) 


z - 


2 3('^-l)3 2('^-l) 4 3 

Z — " ■■■ — z — 


( 17 ^ 5 - 22 ) 1775-22 177’5-22 17'/5'-22 


O/ 


2*4 In this section we find necessary condition satisfied’ 
by certain coefficients of functions belonging to the class 
C^ ( d) . 
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Theo rem 2 •4*1 Let f( z) = z-a.2'z'~-3-^j^’z^^t p ^ 2/ ( a 2 ^ O' Sp 4 .]_ ^ * 

Then f £ ( DL if and only if / 


1-4 a. 


(2.4*1> a 


. ) 


( p+l) 


■p+1 


ifULil 




d. 


r^2^ 

P d 


■p+1 


P^of* The function Df ( z) is convex in A / if and ordy if / 


d^-Df( z) 


, , i , ^0+1 p+1 _P 

( 2) = -i— z + ■ '^A " ■r^-— z 

^ 2^2 2^2 


is in K. We have gi z) is in K / if and only if/ 

. s '^0+1 ^p+1 ^ 1 

( 2«4*2) 


Therefore / it follows that Df ( z) is convex in A / if and 
only if/(2»4-2) holds* Again / f is in C / if and only 
if / (c*f. Section I. 2 ) 


( 2 . 4 - 3 ) 


4a2+(pt-l) ^ 1 


Now / f £ C^(d), if and only if, ( 2 . 4 . 2 ) and ( 2 . 4 . 3 ) hold and 
he nc e the re sul t • 


Remark. Theorem 2*4.1 gives a necessary and sufficient 
condition for a polynomial of the form f ( z^ - z-a 2 Z ^ 

p ^ 2/ to be in the class C^(d) . We recall that an analogous 

result for T^Cl) is given by Theorem 2.3.1. 
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C oroll ajry 2*4‘1 Let f(z) = 2 ~a„z^— 

2. Pr-i 

be in ( d) . Then / 


( 2.4 * 4 ) 




4P^dp_^l + (ptl)^d2 


The estimate in (2*4 *4^ is sharp . 


P S 2 / { a^ >0/ 


Proof • Since f £- (D; / from (2 .4*1) / we get 


( 2 . 4 - 5 ) 


d. 


^P+1 


9 

P“d 


'^2 ^ „2 


l-(pfl)^a 


P+1 


P d. 


p+1 


This inequality yields 


Etl 


4P^d^^ + (p+l) ^d2 

which gives the coefficient bound in (2.4»4)- To show that 
the estimate in (2*4*4) is sharp / we observe that equality 
in (2-4-5) holds everywhere / if and only if / 


a^ o n aud a ^ . -1 

^ 4P^dp^^ + (EH-l)2d2 


4P^dp^l+(p+l) 


Further t by (2-4.1)/ the function P given by 

d„ 


2 

P d. 


F(z) = 


z - 


J2+L 


4pLp^l+(pW)h2 


z2 


,P+1 


4P^dp^l + (p+l)^d2 


is in C^(d) . Thus / equality in ( 2 -4 -4") is attained for the 
function F( z) . 

Remark . Corollary 2.4*1 gives a necessairy condition satisfied- 
by the (p+l)th coefficient of polynomials belonging to the 
class C^(T') • Note that# an analogous result for Tj(d) is given 
in Corollary 2-3. 1« 
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Taking p _ 2 and — n in Corollary 2 •4*1 » we get 
the follow-ing coefficient estimate for cubic polynomials in 
the class . 


92.rojJ.ary 2.4-2 f ( 2 ; = z-a 2 z^-a 3 z^( a 2 > O / 83 > o) be in 


^ 33 


* '^'hen / 

( 2.4 * 6 ) 

9^12 a^ tj-iP-ata in ( 2 • 4 • 6 ) ^ sharp / with equality r the function 

F( 2 ) = z- 


11 


2 2 13 

-z - —2 


Putting = 1 in Corollary 2.4*1 / we get 


,P+1 


Cg poll ary 2 . 4.3 Let f ( 2 ) = z-a 2 Z , ( a 2 > o/ ap^j_ > o) be 


in C . if Lf is convex in ^ / then 

(2*4.7) 9^ 

(5p^+2p+l) 

The estimate in ( 2 . 4 . 7 ) is sharp for the function 

^2 


'(zJ = 


2 

-2 - 


pH'1 


5p"^+2p+l 5p24.2p+.i 

Remark .For the class T , Corollary 2*3.2 gives a result 
analogous to the above corollary- 

In the next theorem / we find a necessary condition 
satisfied by the third coefficient of any fourth degree 
polynomial belonging to the class C^(d). 



Theo rem 2*4*2 - Let f{ z) = ( a 2 > 

Ipe in C-| (d) . ^ d, ^ 1/ then 


d. 


(2*4*8) 




2 t ( 1 -t ) 
o o 


27 ^ 25 t 


^ '^sC ^^1*^'“ 


2 ,., , li. )+ i r^yi-v 

‘4 '' d^ . ^ -Q 


9 d. ''o 


^ 27-25t 


where / = (27-3'^)/ 25* The estimate in (2.4*8) is sharp * 

Proof. We have Df ( z) is in C^(d) f if and only if / 

d, -Df ( z) d_a_ ^ d a. o 

g( z) = -i- = Z ^ 

^2^2 S^2 2 2 

belong to K. Equivalently / by (l.2"il2) * Df(z) is convex 
in A / if and only if / 


d^ a„+9 d. a d^ 

- 2 ... ? .,- £ -1 , o S aS^a, 

4d2 4 15d^ 2 


( 2 . 4 . 9 ) 



d3y 


2d^ a. (d^a^-9d a . ) d_a-. d^ 

i ^ i .-t— a,£ a,S 




'1537^2* ®4 9d, 

4 4 


Again / f is in C / if and only if / 

( 2 . 4 . 10 ) 

Thus / from (2.4.9) and (2.4*10) / f e C^(d) if and only 


9 a^ ^ l-4a2-16a^ 


if /for o ^ a^ ^ (d2/15d^)a2 


'^ 2 ^ 2 '*'^ d^ a^ 
4 d^ 


( 2*4 * 11 ) 


^ min 
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and/ for (d2/15d^)a2^ ^ (d2/9d^)a2' 

( 2*4 *12) ^ m.ln 

The right hand side of (2*4 -11 ) will be maximized at a point 
for v/hich 

d„a_+9d. a. l-4a^-16a^ 

2 2 4 4 _ 2 4 . 

4d2 " 9 

That is / where 
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Therefore , ( t) ^ h^(l) = ( 2 d 2 ./ 5 d 3 ) a 2 (l) . By (2'.4.1l)/ 


this gives for o ^ g (d2/15d_^)a2 

8d 

(2*4 •! 4 ) R ^ — — — — — , ? ■ 


^3 


5[(l6d3+9d2)+ i|^^64d +81d )] 

4 


Similarly , the right side of (2.4-12) attains its 
maximum at a point wiere 


( 2 . 4 . 15 ) 


2 P4V^2^2~^^4\^^2^2 _ l~4a2-16a. 


d. 


3d„a„“25d a. 
2 2 4 4 


Setting(jj^^(t)- §^^^2 ^ ^ t ^ 1 # we note that (2 •4*15) gives 

4 


Q^= ^2 ( t) ■ 


/ 3/5 5 t^ 1 . 


[I8[|(l+g^t)+ ^ ] 


Define/ h 2 (t) = 

l-4a„(t)-16^ (t) T , 4d„ 

h^(t) = 9 “ ga 2 (t)(l+ 

4 


9 
4d. 


h2(t) = 


(1- —t) (25t^-54t+27) 
4 


3/2r°2 2 t(l-t) 


+ ;t(i+ 


4d, 


9 2 t(l-t)( 27 - 25 t)^/l 3 i . g... 


t)] 


Now / h'(t ) = o for t = (27-3V6)/25 / and h^Ct ) < 0 . 

^ o o " 2 o 

since 3/5 ^ t^ < 1/ h 2 ( t) / attains its maximum value at the 
point t / so that h 2 (t) S h_(t ). By (2.4.12)/ we get 


d 


2 o 

l 2 t ( 1 -t^) 
o o 


(2.4 .16) 33 ^ 


2 y 27-25 1 


9caJ 


0 4d_ d^ f2t(l-t 

2 ( , 2 . ^ ^ / o o 

3'-9^-^^9d7^o^'*’ d^ V27-25t 

4 3 O 


) 
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where/ = ( 27-3\/6) /2? . Since / 


d 


2t (i-FT 

' O o 


2i 27-25t 


o 


8d, 


^ 4d^ d 

9d3[^(l+ 


■ > 


9d., o 


2t (1-t ) d 

° 5[(16d +9d )+ “~( 64 d +81d )] 

^ J- D i..X/i 22 TT 


27-25t 


estimate in (2.4*8) holds for o :S a, ^ (d^/9d.)a„ 

To see that the coefficient bound in (2*4*8) is sharp 
consider the function F / given by 


F(z) = , 


where t 


2 " 5 4d. ^ d £?€"rr“0" 

18[^(l+g^tQ)+ ^'j27-25t^^ 


/2t. (l-F) 
jst o o 

'^2V2'^-25t 


4d d /2t (1-t ) 

9d3[g(l+g^to)+ ^ y 27-25t_~^ 


\ " 9d^''^o^2 

4 


-4 ■ 3 

Since / 4a2+9a^+l6a^ = 1 / F( z) belongs to C. Further / 
by (1.2*12) / DF( z) is convex in A ♦ Thus/ F( z) is in C^(d) 
and the bound in (2*4*8)- is attained by the function F( z) • 
Taking d^ = n / n = 1/ 2/ • • * / in Theorem 2*4*2 / we get 
the following coefficient bound for fourth degree polynomial® 
belonging to the class * 
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Co roll ary 2.4*4 Lat f ( z) = z-a^z^-a_ z^-a. z"^( > O/ > O/ a > o) 

2 3 4 2 o 4 

iii '^1 * 7'hen / 


2 


(2.4*17) ^ 


/2t (1-t ) 
I o o 

27-25t 


o7f 1(1+1-^ )jL 2. 

' 3 ^27- 


^(1-t J 

2^1 

25 1_ J 


where / = (27-3'^5)/25 . The estimate in (2*4*17) is shar p < 

With = 1 / n = 1/2/ ♦*/ Theoran 2*4*2 / gives the 
following coefficient estimate for the shift operator* 

C o roll ary 2 *4 *5 L et f ( z) = z— 32 2 ,"*" 3-2 2 ^ ^ ^2 ^ ^ ^4 

be i n C . If the shi ft operator L f is convex in A / then 


( 2 • 4 *18 ^ ^ 


N27-25t 


[2(l+|t^)+9j5 


2t_(l-t ) 

2 1 

25 1^ 


The estimate in (2*4'*18) is sharp* 


2^5 In this section / we find coefficient bounds for functions 
in the class which are not necessarily polynomial s.Ve 

observe that / since T^ (u) is a sub class of T / the inequality / 
^2^ '1/2 / continues to holds even for functions belonging to 
the class T^(d} . That this inequality is sharp can be seen 
by considering the function F( z) = z-z^/2 e T^(d) . We now find a 
bound on the third coefficient of a function in 7 ’^(d) in the 
following theoran* 



88 


V*V 

Theo rem 2.5.1 Suptjo sp. f ( z) = z - 2 a_z ( a„ ^o) / b elorjqs 

d n=o ^ f' 

to T, ( d) and S = sup { . If 0 < oo and o < a S , then 


(2.5 .1) 


^ o 
^3^ 2d, 


Proof . Since Df ( z) is univalent in f' / the function 

dj_--Df(z) 


(2.5 .2) 


g( z) = 


S ^2 


OO ^ , n 3- , T _ 

. ri n+1 n+1 n 
= z + t — t z 

n =2 *^ 2^2 


is in S. Again / from the hypothesis d ^ Pn / n = 2/ 3/ * • • 


n 


and since f e T / we have (c.f. Section 1.2) / S na^^ 1 .Thus / 

n=2 


( 2.5 .3,) 

Using ( 2 . 5 . 3 ) / we get 


n=3 ^ ^o-^2^2 


g(z) 1 ^ lg(l) 1 + S itl^^'+l 


n=2 ^^2^2 


^2^2 

P 6 

Since g £ S and 1 g( z) 1 ^ ^ f — >1 / by (l.2»2) / we have 

V2 V2 


( 2.5 . 4 ) 


d„ '^9^9 

a- ^ a,(l - -4-^) 
3 ds 2 


The right side of the inequality in ( 2 . 5 . 4 ) attains its- 

maximum at ^2 = putting 32 = 

right side of this inequality we obtain 

3, 


an ^ 


2d. 
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To show that strict inequality holds / we ass’Jine that 
= ^q / that (2*4»4) is equivalent to 

d 2d^ 

from which we deduce that a 2 = &^/2d2 • Thus /■ ^2 ~ ^0''^^'^2 ' 

= pQ/ 2 d 2 /and hence 

CO 

^S^dnSn S Po-<32®2'‘*3®3 = ° ’ 

Since ^ ' this implies that = o for n = 4/5/ . . 

Therefore / f ( z) is a cubic polynomial • But /by Corollary 2«3-l/ 
^3 ^ ^2''^^4‘^3’*'2d2^ and the estimate is sharp* Since 
d2/(4d2+3d2) < 6Q/2d^ / we have 

Po 

-3< 2d; • 

This proves the inequality ( 2*5*1) • 

Remark * Taking ^ ' n = 1/2/ ♦•/ in Theorem 2i5'.l / we 

get = 1 and hence a^ < 1/6 / a result due to Silverman [94] • 

Putting d^ = 1 / n = 1/2/ •••/ in Theorem 2*5'.l / 
we get 

oo — 

Co roll ary 2*5*1 Let f( z) = z - 2 a^^z ^ iS • If 

n=2 

Lf is univalent in A / then 

( 2*5 *y) a^ < |- • 

In the next theorann upper bounds for the fourth coefficient 
of functions belonging to the class T^(d) have been determined* 
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Theorem 2*5.2 Let f ( z-^ = z— S a z^ / be in T, ( d) and 
d. n=2 6 ^ 


= sup {■“} ‘ If P < oo and o < a^- 


n S 2 


n 


( 2.5-.6) 




'^4"' 


2- d^^ 


/ o < a„ ^ 


then 

d„e 


^4 ^ { 


f 21 ?, 


§. . 


3 3d. 


'^ 2 ® " ^^2 


Prop f * Let g( z) be defined by (2*5*2) • Then g( z) belongs 

3 

to S and 1 g( z) 1 < M where M = * Therefore / by (1.2'* 3) / 


^2^ 2( 


0-2 ^2 ^ 

_2_2) 


(d a P 

- -^-^- )] . o < a, ^ 


p: 


2 =• d^e 


( 2*5 .7) a^ ^ 


( d,,a,,) ^ 


^2^^’’ 2 


2121) 


!o_. < !o. 

' V '^2 


where / ^ is the real root of Mx log x = -1 * 

We now maximise the right hand side of (2*5*7) for o < a. 


2 d. 


Let 


h^(x) = x[ 2(°'-ax)^+(l-a2x^)] / a = 




We observe that / x £ (o/ ~] ,if and only lf/<7 e [Kl) . Since- 

oc © s 

h^(x) = 4x( o-ax) ^ o 

hQ.(x) is an increasing function of <? / e ^ d* Therefore/ 

(x) = lim hfT(x) = x( a^x^-4ax+3) = p(x) ( say) • 


max ' hf^N 
d<i 


a ^1 
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Now / for o '< X ^ 


ae 


p'^Cx) = 3a^x^“8ax+3 > > o. 


Therefore t p( x) is an increasing function of x»/ so that 

max p(x) = ^ 3 .e t l LL§ri l.. 


— . ! 


ae 




ae" 


■ o 


From this / we conclude that ^ for o < ^ ' 

2 da 


(2.5 .8) 


^4 ^ —:r- 


d, e” 


Similarly for a_ ^ / the right side of the 

d^e 2 

inequality in (2*5. 7) is maximum at a 2 = * '^^s^refore 

for p^/d^e < a 2 S ^o/^2 ' ^2 ” ^o'''^^2'^^ inequality 

in (2*5. 7) / we get 

■(2*5 .9) a. 


o 


3V3d, 


With n = l/2/**«/ in Theorem 2t5.2'/ we get 

OO 

Co roll ary 2*5*2' Let f ( z) =2-2 be in T^ • Then / 


n=:2 




(3e-l) (e-l) 
4 a^ 


' ° "* 2 * IT 


(2.5,10) a^S 


6 '</3 


1 

2e "^^2^2 


Taking d^^ = 1 / n = 1/ 2/ • • • / in Theorem, 2*5*2 / we 


have the following result^ 



= z - 


Corollary 2*5.3 Let f ( z) 
is univalent in A / then 


S ^ ili 

n=2 


ilfi-LLLSril 

3 


2e' 


(2*5*11) a, ^ 


) 

L -i- 

3 ^ 


° < ^2 ^ ^ 


1 ■ < 1 
2e ^^2 ^ 2 


Combinina Corollary 2*3*3 and Corollary 2*5*1 / we have 

Co rol 1 arv 2*5*4 Let = sup {a^ • f and Lf are univalent in A}. 
Then / 


(2.5 *12) 


£ r < =■ * 


(3+2'/’3) ° ^ 


2*6 We now find sufficient conditions on the coefficients 
of functions in T which force their Gelfond-Leontev derivatives 
of higher order to be univalent in A . We also find sufficient 
conditions which force the higher order Gelfond-Leontev 
derivatives of a function in C to be convex in A . First we 
have the following definitions * 

Definition 2*6*1 A function f ( z) = z - S a z / a ^ o / is 

n=2 

said to be in the class T_(d) if f and its first m Gelfond-Leontev/ 
derivatives are analytic and univalent in A . If f e T^(d) for 
all m / then f is said to be in the class ^(d) . 
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Definition 2.6,2 A function f ( z) = z - 2 a / a S o / is 

n=2 ^ ^ 

said to be in the clas.s if f and its first m Gel fond-LeonteV’ 

derivatives are analytic and convex in A . If f £ G (d) for 

m 

all m / then f is said to be in the class C^oCd) . 


We prove 




Theorem 2.6.1 Let f( z) = z - 2 in T with 11 ~ 


(2.6.1) 


2 ( n-k) ( d , • • • d ) a_ ^ ( d, , , . . • d„) a^ , i 

„ 1 ,, ^ n-k+1 n n k+1 2 Jc+1 

n=X+ 2 


for k = l/2/.../m / then f £ T ( d) . 

jj) 

Proof . The case m = 1 was proved in Theorem 2.3*2 * So / 
let k > 1 . ■ The function D^f( z) is univalent in A / if and 


only if / 
( 2 . 6 . 2 ) 


D^f( z) + (d^. . .dj_) a^ 
gj^( z) = - 

^%-+l ‘ ■ "^2^ ^k+1 


. “ *^n+k * * * *^n+l ^n+k n 

z + 2 -T z 

n=2 \+l'‘'^2 k+1 


is 

is 


= z + 2 b z^ • 

n=2 ^ 

00 

in the class S . Since 2 nb = 

n=2 

a sufficient condition for gj^( z) 


rn ^n+k ^n+1 ^n+k ^ 

2 n ^ 1 

n=2 ^+1‘’‘^2 k+1 

to be in S / D^f ( z) is 


univalent in A > Thus / f e ’ 


n 

Corollary 2*6.1' Let f ( z) = z - 2 a„z iDe in T with a„ o . 

n=2 

If ( 2 * 6 . 1 ) hoi ds for all k = 1/2/.**^ then f £ ( d) . 



in Theoren 2«6*1 


/ 


9 4 


Taking = 1 / n = 1, 2/ . • 


■^?3 aet 


the following sufficient condition for the shift operator- 

CO n ^+1 

Corollary 2.6.2 Let f ( z) = z - S a z / 11 a o / be in T-. 

n=2 ^ n=2 ' 

If 


( 2.6.3) 


( n-k) 


n=k+2 




^'k+l 


for k = 1/ 2/ - - ./m / then L f is univalent in A for k =1^2/* ./m. 


We observe in our next theorem that there is no extrorial 
function for the second coefficient of functions belonging 
to the class CQjoCd) . 

00 

T heorem 2.6.2 Let f(z) = z - 2 a z^ ^ in Tj„(d) . Then / 

n=2 ^ 

^2 ^ • '^he result is sharp in the sense that the value 1/2'' 
can not be re pi aced by any smaller constant and further/ the 
value 1/2 ig not attained by any function in T^^C d) . 


Prop f . First .we show that for given 77 > o / there exists a 
function in Too(d) whose second coefficient is (l-7?)/2 • This 
will prove that the value 1/2 can not be replaced by any 
smaller constant * To this end/ let for any 7] /o < ^ i ^ 


r„(z; = 

where the sequence 
chosen such that 


(1-77) 2 “ 

z - — 2 — ^ "* ^ 


,n 


,n.-3 


n=3 2 


{dn)n_i of non- negative numbers are 


n 


(2*6.4) (u) d^ d^ — 2 (n) 

CC 1 

(e.g./ dj^ = n / a ^ 1 or e*' etc) . 




• d 


n 


2 ' 


n = 2 


/ j)/ . . . . 
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Since / 


2 _ ^n-3 


n 


< 1 


n=3 2 


dn-.-ai_ 


by (l.2»26) / the function z) • is in T . 

Next we show that e view of Corollary 2*6.1 / 

it is sufficient to show that its coefficient satisfy (2*6.l) / 
for every k = 1/ 2/ • * • • Due to our choice of the segnance 

CO 

^'^n^n=l ^ * v;3 have 


r? S 


( n-1 ) d 


11 


21} 


n— 3 

n=3 2 


d^d2 


OO 

+ T) E 


n 


n=3 


< 37? ^ 1-7? 

^ ~ < -y-d^ 


so that (2*6.l) is satisfied for k = 1 . Further / for k >1 


due to our choices of C n-]f ^ 


OO 


s (n-k)d„ 

n=]<+2 


• •♦da 

n n 


„ F (n-k) 7gz|±l ., - W 
n=k+2 2 “ d„* • •<! 


which shows that (2*6*1) is satisfied for k > 1* Thus / for 
any 7? / o < 7? < d2/(d2+3) * F^ £ a^id has second 

coefficient (l-77)/2 • 

r\ 

Since the -'^unction f( z) = z-z /2 is not in T^^Cd) and' 
is the unique extromal function in tCoT^oCd)) for the second 
coefficient I 94 j * there is no extremal function in the 
class * 
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Remaxl^sl • The family T^(d) is not compact ♦ To see this > 

OO 

we consider the sequence functions defined by 


F ( 


= 


z - 


^ 2 


1 °° 

n=3 


,n 


,n-3 


(d 


n 




OO 

where the sequence }nL_q is chosen as in (2-6.4) - Then / 

00 

for k ^ 3 / Fj^ £. T D) . But / clearly t the sequence 

converges uniformly on compact subsets of A to the function 
2 

F( z) = z-z /2 which is not in the family ']^(d) • 


2. Putting <^ri “ ' n = l/'2/ •••/ in Theoren 2-6.1 / 

Corollary 2-6-1 / we get the corresponding results of 
Silverman [ 94 ] • 


Next / we determ.ine sufficient conditions on the coefficients 
which force a function in the class C to belong to the class 
C^(d) / i-e. the first m Gel fond-Leontev derivatives of the 
function are also forced to be convex is A . 

00 ^ mtl 

Thffor-em 2 - 6-3 bet f( z) = z ~ 2 a z ^ in C with I i a o .If 

n=2 n=2 


(2-6.5) 


00 

S 

n=}c-{-2 


(n-k)^ d. 


n-k +1 


* d a_ 
n n 


(d 


k+l 


’'^2^ ^k+1 


for k = 1/2/ - -- /m / then f e { d) . 


Proof- The case m = 1 was proved in Theorem 2 - 2-5 


So 


let 


k >1 . The function D f ( z) is convex in A / if and only if / 


the function g^^^C z) defined by (2.6-2) is convex in A . Since / 


S n‘-b = 2 S±h 

n=2 ^ 


^n+1 ®h±k 


n =2 \+l ***'^2 ^-k+l 


^ 1 
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is a sufficient condition for the function to be 

convex in A and by (2.6.5J / it clearly holds / D^£( z) is 

convex in A ♦ Thus / f £ C ( d) . 

m 

QO 

Co roll ary 2*6^3 Let f ( z) = z - S a z be in C with a ^ o » 

n=2 ^ ^ ' 

1£ (2*6.5) holds for every k / then f £■ C^d) . 


Putting d = n / n = l/ 2 /.**/ in Theorem 2.6*3 » v?c 

XI 

get the following sufficient condition for functions to be 
in the class - 

oo m+l 

Co roll arv 2 * 6.4 Let f ( z) = z - 2 a be in C with 11 a /= o ^ 


•? 

( 2 * 6 * 6 ) S ( n-k) n-k+1 ) . . .n a ^(k+l)l 

, n=k +2 

for k = l/2/.../m then f £ C_ . 


With ^ ' n = 1/ 2/ * • * in Theorem 2*6*3 / we have 

CO m+l 

Corollary 2*6*5 Let f ( 2 ) = 2 - 2 a,^z be in C with I 1 a o.If 

n =2 n =:2 

OO ^ 


(2*6.7) 


T' (n~k) ^ ^ a, . T 

n=k +5 ’"+1 


for k = 1 a 2/ * • ./m a then Lf a L^f a . . .a L™f are convex in A. 


The following theorem shows that there is no extremal 
function for the second coefficient of functions in the class 
c^(d) as well • 

CO 

Theo rem 2 * 6*4 Let f ( z) = z - S a„z be in C„(d) . Then a a^<l/ 4 . 

- j ^_2 n 00 2 - 

The result is sharp in the sense that the constant 1/4 can not 
be replaced by any gnall ar constant and further a the value 1 /4 
is not attained by any function in C J.D) • 
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Proof » First/ we show that for an arbitrary V > 0 / there 
exists a function in C^(d) whose second coefficient is (l-'u)/4* 
To see this / let o < rj ^ d.2<3-2/( 


F^( z) 


Ue2i,2.„ ? 

n=3 2 -3(d„...d^J 


where the sequence { of non- decreasing positive nuir.berff- 

are chosen such that d^ = 1 and 

(2*6.8) ( i) d^ ^2 ( ii) n/( d„ * * *d„) ^ 1/'^ for n = 3/ 4 / . . . 


Since / 


n '*2 


,ilf) , , s — 3 

^ n=3 2 ^^(dj^.-.d^)^ 


< (l-v)+r) E 


n=3 2 


= 1 • 


the function £ G / by (1*2*28) . Next / we show that 
e Coo(d) * In view of Corollary 2*6*3 / it is enough to 
show that its coefficients satisfy (2*.6.5) for every h* Dus 


to our choice of and V t 


( n-1 ) ^d 


E (n-l)"'d„a., = 7? S ■— r . 

1^3 ^ n=3 2^‘-3(d .**dj2 

n 2 


<_i!L_+ ’2- j (-n-J: )2 

d^a, '*3 n =4 2 ""^ 

2 3 


4- + 2- ? _l>-<a2(lriL.),,_ 
^3 '^3 n-4 2^"^ 


Thus / ( 2 . 6 * 5 ) is true for k = 1* 
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CO 

Again t for k > 1 and due to choice of { d } ^ and V 

n n=l 


? ( n-k) 2a.. 

n=k+2 


. . .da = 7? S 




n-k+l'—n^n - (d 

li 


V 


oo n g 

k-l f , ~o~^ d, • • ‘0, 

t di, , T • • • <3.-/ n=3 ii 2 k+l ^ 


< 


2 

3 

4 2^-2 


■"k +1 

7 ? 


^ 1 ^ * ^2 ^ 




Thus / (2-6.5) is satisfied for k = 1/2/3/ ••• • Hence for 
any 7 } / o < 7 ) ^ d 2 d 2 /( d 2 d 2 + 6 ^ * ^ second-' 

coefficient is (l-V)/4 • 

Further / since the function F( z) = z - z / 4 is not 
in C^(d) and is the only extremal function in C(t> Cc^(d)) for 
the second coefficient there is no extremal function in C^d) . 

Remark . The family G^(d) is not compact » For this / we 

CO 

consider the sequence of functions defined by 


Fk(z) 


2 1 “ 

-z r S 


,n 


^ ^ n=3 2 ’^"^(d *. .d„)2 

n 2 


where the sequence ? n=l (2.6.8) . Then for k^ 3 / 

CO 

by Theorem 2^6.4 e G^(d) . But / i:F^( z) convargos 

uniformly on compact subsets of A to the function F( z) = z-z /4 
which is not in the class C^(d) . 



CHAPTER III 


UNIVALENT FUNCTIONS 'WITH SOME UNIVALENT 
GELFOND-LEONTEV DERIVATIVES 

3 .,1 Le'!: '-Q ^ o < R CO , denote the class of functions of 

K. 

the form f( zJ =2 a^z / that are analytic in the disc 
n=o 

^ z- 1 zl < R } • obserr/ed in sections 1.5 and 1*6 / functions 

in the class having some of the ordinary derivatives 
univalent in A are widely studied ♦ In the present chapter /• we 
extend this study further by considering the implications of 
the univalence of some of the Gelfond-Leontev derivatives of 
functions f belonging to / instead of considering just the 
ordinary derivatives of f. 

oo 

For a strictly increasing sequence of positive 

CO 

integers and a strictly increasing sequence ^ n-1 positive 

numbers / set 

(3.1.1) D b(2) = ... 

We consider the following two subclasses E(n •R) =E({n }»R) 

and E (n ^R) = E ({n }*R) of the set of analytic and univalent 
C ]p/ ““ c P ^ 

functions in the unit disc A : 

n 

E(n ‘R) = { f t H_ Id p = 1/ 2/ ••/is analytic and: 

p/ K 

univalent in A } 
n 

E ( n / R) = i f e H ;d % / p = 1/ 2/ • • •/ is analytic / 
op ^ 

univalent and convex in A J 
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Clearly / £1 *- E(n .R) • Further / the classes 

c p/ p# 


E( n^* ) and E ( n • = ) 

p# C pf 


= 0 ) have obvious meaning 


If f e E(p;r) / i.e. if n^ = p / then = 1 and further/ 

P P 

if d •♦ “="/ then (1.5.13) implies that f is an entire function. 
P 

Likewise / if f s: S(p/w; than Pp = 1 and if (d^-'/p) ** “ 

as p -*’<»/ o < !\ < °° t then (1.5.20) gives that x = o / v/here 

X is the type of f. However / if infinitely many P^ s are 

zero / then (1.5.1 3 ) and (1.5.20) do not give any non-trivial 

information about the radius of convergence R of f and the 

type X of an entire function . To this end / instead of 

assuming f to be in the class E(p/R) or Eipf<» ) / we assume 

f to be in the class E(n /R) or E(n / «>) and partially remedy 

P P 

the situation. A similar problem is also studied ror the 
classes E^(np/R) and ^ * 

In Section 3*2 * we find relations between the seguence 


jd ^ of positive numbers and the radius of convergence 

-o-i n ( D-' 

R of functions belonging to the class E(np/R) or E^tUp^rR^ • 

Some sufficient conditions on the sequence i^pip^i ^ 
exponents of the Gel fond-Leontev derivative o’^Pf which are 
analytic and univalent (or convex univalent)) that force the 
functions in E(np;R) or E^(np.R) to be entire are also found 
in this section . In section 3*3 / by restricting the growth 

CO 

of the sequence ^ ^p*"^p-l^p=2 slowly oscillating junctions t 
the oirdeir of an entxire function in ^ estirnated t 



102 


Section 3*4 is devoted to finding relations between the 

Oj 

sequence i '3 } with the order and type of an entire 

P P=1 

function belonaina to the class E(n -R) or E (n .R) • Eurthcimore/ 

p* c P/ 

we find sufficient conditions on the sequences { n^} and 

OO 

{d J for f to have minimal type • Soma of the results 
obtained in this chapter include the work of Shah and Trimble [83'] 
and Campbell j" 19 ] . 

For the convenience in the use of notations / throughout 
in the sequel we write aCn^) for a^^ / d( n^) for d^ • 


3*2 The relations between sequence f d( n^) J of positive 

nimbeiB and the radius of convergence R of functions belonging 

to the classes E(n^.R) and E ( n^.R) (c.f. Section 3»l) are 

p/ c p/ 

found in this section* These relations are then used to obtain 
sufficient conditions on the sequence {npJ that force a 
function in ECn^.R) or E^(np.R) to be entire • 

OO 

Theorem 3 •2.1 Let f in ECn^.R) and the sequence 
in (3*l*l) satisfies 
d( n +k) 

^3*2.1) 2.3,... ; for s:^me p^. 


Tlign / 

(3.2.2) 


lim inf d(n^) . . .dCn^) ^ 

P ^ CO 


^ R lim sup( 2d_) 
p 00 


^ 2d2R. 



1C3 


Proof. Since f(z) = S e E(n .R) , we have that D is 

n=o ^ 

analytic and univalent in the unit disc A . This implies 
(c.f • Section 1 . 2 ) that for p = 1/ 2/ . • ./ and k = 2/ 3/ • • • 


( 3 •2-3) 


I a( Wp+k) 1 ^ 


kd( n^+l ) . - . d( 2 ) i a( np+1 ) 
d( n +k) . . . dt k+1 } 

Jtr 


Due to (3*2*l) / the function k/d( n +k) . . .d( k+l ) decreases 

ir 

with k for some p S p^ . Therefore t for k = 2/ 3/ ♦ • 
and p ^Pq ' ( 3 . 2 . 3 ) becomes 


2d( n +1 ) . . . d( 2 ) I a( n +1 ) I 

( 3 • 2 -4 ) I a( n^T-k; 1 ^ 2 E 

^ d(n + 2 ) . . .d(3) 

ir 

2 ) 1 a( ) 1 

< . — i! 

a( np) 

An inductive argument on p in (3«2.4) yields for P s P^ / 


a( n^+l ) I ^ 


(2d(2)) °l a(n^+l) ld(nj_+l) . ..d(2') 

d(n )... d(n ) 
o 


If 2 ^ k ^ * then by using the above inequality 

P+’J- P 

in ( 3 * 2 . 4 ) / we get for p S P 


( 3 * 2 * 5 . 


I a( rip+k) 1 


J^p +1 

(2d(2)) I a(nj_+l) 1 d(n^+l) * . .d( 2^ 

d( n„ ) . . .d( n„) 


A^(2d(2))^ 

“ d( n^ ) d( n^) * • *d( n^) 

where/Ap is a constant * Prom the inequality in (3*2.5'; / 


we deduce that 
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n 


^TOO £ * Sines D f is analytic univalsnt and convax in A 'it 
follows from (1.2.9) that 


( 3 . 2 . 8 ) 


d( n +1 ) . . . d( 2 ) 1 a( n +1 ) 
a(n+k)l ^ 2 2 


d( * • .d(k+l) 


for p = 1/2/ ... and k = 2/ 3/ • * * But / the function 
1 /d( n +k) - . .d( h+l) dacreasss with k for every p / so that 

* ir 

( 3 . 2 . 8 ) gives for p = 1/2/ • . ./ - and h = 2/ 3/ • • * 

d(n +1) ...d(2) 1 a(n + 1 ) i 

I a( n +k) 1 ^ £ 2 

^ d(n + 2 ) . . .d(k+l) 

Jr 

d( 2 ) I a( n + 1 ) I 

" — anrf 

P 

Now/by following the s^a lines of proof as in Theorem 3*2.1 / 
we get 


1 ^ 
R 


p/n 
. ' P 

lim sup d 

P -» CO ^ 


1/n. 


p 00 

This proves the theorem . 


■ T>J-1 

lim inf { d(n^) dCn^) « *.d(n ) 3 


Corollary 3»2.2 Let f M iS ‘ 

^^p+l“V” d(np)) then f i^ entire . 

Proof . Since == o(log d(np)) / Corollary 3.2.2 

follows from Theorem. 3*2.2 and the inequality in (3*2.6). 
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Remaxks- !• Vfe note that ( 3 . 2.1) holds for d = n^/ a >0 v 

n 

In general / ( 3 . 2 .I) is satisfied if d( k) /( d( k) -1 ) S k/(k-l) # 
k = 2/ 3 . • • ■ • Using the later inequality a nxornber of examples- 

CO 

of admissible sequences { for Theorem 3*2.1 could be 

easily . 


2 • Let lim 
n ^ 


d^'^^ = b / o <b < “ 


Then 


the 


inequa3-ity in (3*2.2) and (3.2*7) can be written as 

1/n p)/n 

( 3 * 2 *9 ) lim inf { d( ru ) d( n_) • . .d( n ) ^ ^ ^ bR lim sup ( 2d„) ^ 

-L ^ P -r, ^ CO -2 


^ b(2d2R) 


and 

( 3 . 2 . 10 ) lim inf {d(n,)d(n ) 

p ^ CO ^ 


1/n 

.d(n ) } ' bR lim 

P pi 

^ bd2R 


sup d 

CO 


2 


3 . For dj^ = n / the inequality in (3*2.9) gives'- 
a result of Shah and Trimble [ss] • While in this Particular 
case the inequality in ( 3 * 2 . 10 ) gives a result of Campbell [ 19 ] * 


If f fc- E(np^fR^ / d^^ s in (3.1*1) satisfy (3»2rl) and' 

lim sup(n ^-n )< “ then it follows from corollary 3*2*1 thatr 
p 00 P+*l P 

f is entire * Similarly/ if f e E (n^.R) and lim sup(n^^--n )< 

op/ p P 

Corollary 3.2.2 gives that f is entire . The following theorems 
are in the other direction * 


Theorem 3.2*3 Let f be in E(n .R) and the secfuence d. ^ s in 

p/ 7^ 

( 3 * 1 . 1 ) satisfies (3*2.1)* ^ there is a positive integer - 

M > 1 such that lim inf (n^^-n ) ^ M / then 

■n CO P 

(M-i)/n - 

( 3 . 2 . 11 ) lim inf {d( ru ) d( n^) * * *d( n , ) J ^ R . 

P f4- 00 ^ 
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^roof « Since f £ ECn^.R) , from (3 • 2 * 3 ) we get /for 

^ — 2/ 3^ • * •/ end. — 1/ 2/ • • •/ 

k d(n^-rtl) ... d( 2 ) 

(3.2*12) la(a^+k)lS £ ^ 

d( iip+M j • . . d( np+2) • d( np+k) » . .d( k+ 1 ) 

3 y ( 3 * 2 *lv / ^/(dCiip+k; ...d(k+l)) decreases with k for some 
p ^ pQ • Therefore / there is a positive integer such that 
for P ^ Qj_ and k ^ M +1 

k d(n +M) . . .d( 2) 

P 

<1 , 

d( n +kJ ♦ * . d( k+ 1 ) 

ir 

Thus / for p k max {p^/Q^} and k ^ M +1 , the' ineguality 
in (3*2*12) implies that 

1 a( n + 1 ) ( 

(3*2*13) la(n +k)l ^ 

d( np+M ) . - . d( np+ 2 ) 

I a( n + 1 ) I . 

< 

M -1 

a(np) 

Also / there is a positive integer such that for p > 
and k > 2 

k d(n +1) .. *d( 2 ) 

E < 1 

d( np+k) . * * d( k+ 1 ) 

Using (3*2*3) again / it follows that for p ^ and k i 2 

(3*2*14) la(np+k)l <la(np+l)l- 
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Since S M , there is a positive integer 

such that for P ^ / (np_^^-np) ^ M . Let 

Q = max { and suppose psQ* Then / (n ,, -n +l)^ M+1 for 

-L ^3 P"rX P 

t > Q and so the inequality in (3.2.13) Implies that / for p^Q 


, 1 a( n +1 ) 

i a( n ^ + 1 ) I < -2- 

a(n )“-i 


An inductive argument on p shows that for p > Q 


1 a( n +1 ) 

a( n +1 ) 1 < 


{dCn^) . . •d(np_j_) J 


M-1 


J. 

{ d( rij^ ) d( n^) » * • d( J 


M~1 


Wher3'A2'is a constant » If 2 ^ k ^ np_^^-np+l , then using 
the above inequality ( 3 .2.14) / we get / for p > Q 


( 3 .2.15) 


1 a( n^+k) < 


{ d( ) d( n^) * • .d( np__j^) ^ 


H-1 


Thus / 


^ = lim sup ia, 

^ CO ^ 

l/(n +k) 

= lim sup { la(n +k)l ^ 

P 


.* 2^k^ ^p+l“V'^ ' P ^ 


Im :^f {d(ri^) d(n 2 ) • . 'd( np_^) } ^ 

This completes the proof of Theorem 3.2.3. 
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CO 

3* 2*3 -Oet f in ECn^^.R) and the seonenc a 

in (3-1*1) ^tisfies (3-2.1) . If lim (n,,~n) = co and 

— p « P+1 P 


(3-2-16) 


l/n_ 


1 L-n inf { d( n^^ ) d( n^) . . .d( n_ ^ J > 1 


■Q -♦ OJ 


P-1' 


then f is entii-e. 


P roof - Since lim (n„,, -n ) = , it follows easily from (3-2* 

p ^ P+i- P 

that R= 03 / i-s-/ fis entire- 

If f e condition (3-2*1) is not needed 

to deduce (3-2-11) • 


Theorem 3-2-4 Let f in E^(np-R) - If there is a positive 
integer M > l such that lim inf ( n . -n ) ^ M / then ( 3 -2-11) 

~ p -♦ CO ■ P+P P 

hoi ds « 

Proof- From ( 3 • 2 r8) / we get for p = 1/ 2/ - • - and k = 2/ 3/ • - • 

d( n +M) . . -dC 2) I a( n +1 ) i 

la(n +k)l ^ e 2 

^ d( n^+M) . . - d( np+2) d( Pp+k) - - - d( k+1 ) 

The proof of the theorem is easily constructed by noting that 
l/(d(n +k) - - .d(k+l) ) is a decreasing function of k for all p 

ir 

and by following the same lines of proof as in Theorem 3-2'-3- 

Co roll arv 3 •2-4:' Let f be in E (n -R) - ^ lim (n , -n ) = «» 

” ~ c y/ p .* oo P'*’I P 

and (3-2-16) holds then f entire - 

The proof of corollary 3-2-4 is immediate and we omit it- 


11 ) 
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Remarks * 1. note that the conditions (3-2*l) and (3 *2*16 ) 

are independent. Let = [ p log log(ptc)]+l r c = 10^° 

and d = log(n+lj/ n = 1# 2/ « • * » Then / lim (n .^-n^) = <» 

^ P<-1 P 

and 1 im inf { d( rL ) d.( n ) . . . d( n^ , ) } ’^p+l ^ e > 1 . But / 

p ^ CO ^ 

( 3 . 2 . 1 ) is not satisfied . Thus / (3*2.16) need not imply 
( 3 * 2 . 1 ). To see that / (3-2.16) does not necessarily follow, 

from ( 3 . 2 . 1 ) / vre may rake n = [e^ / p = 1/2/ and 

Jbf 


d„ = n / so that (3*2.1) is clearly true and lim (n ^-n ) = 00 . 
But / in this case /lim inf { d( n, ) d( n„) . . . d( n , ) } - p+1 =1. 

p -♦ CO 

00 

2. The conditions on the sequence ^n-1 

CO 

sequence in Corollary 3.2.1 and Corollary 3*2.3 are 

independent. To see this / take n = l+[p logp] / p = 1/2/.*. 

P 

and d^ = n^( a > o) / n = 1/2/ ... » Clearly / the sequence 

CO 

{dj^}n=i satisfies ( 3 . 2 .I) for some p > p^ . Further / 

(n^T-n ) > ^ logp for large p / so that lim (n , -n ) = 00 . 

P+i P 2 p ^ CO P+i P 

But ^^p 4 .i~’^p^ ^ o(log d(np)) . This gives that the condition 
in corollary 3.2.1 does not follow from the condition in 
Corollary 3.2.3. The converse part can be seen to hold by 
taking any sequence satisfying (3*2.1) and (3.2*16) and by 

00 

choosing the sequence ^^p^p=l such that/ lim (n^^-n^) =00-, 

P 00 

CO CO 

The above choices of the sequence { d^^} and { n^} 
also show that the conditions in Corollary 3*2*2 and 
corollary 3*2*4 are independent . 
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3 ♦ Let lim 6.^ =b / o<b<<=^. Then / the 


inequal. ity in (3*2*ll) can be written as 

_._T1 inr f rlf n ) n ■) . . . V, ■ 

1 " 


, (M-i}/n 2(M-1^ 

(2.2.17) lim^i^f { d(nj_)d(n 2 ) ...dCnJ } b R . 


P 


4* If f £ S( n^^.R) and d,^ = n / then a result of Shah 

and Trimble [ 83 ] follows from Theorem 3.2*3 • Tor f o S (n .r) / 

c p/ 

Theorem 3.2*4 gives a new result even for d^ = n / n = 1^ 2# *'* • • 


3*3 Tn this section / we estimate the order of a function 

in E(np^.R) by restricting the growth of the sequence 

00 

^’^P~^P~1 ^P=2 slowly oscillating functions • 


A function s(x) / continuous on [l/ <= )/ is said to 
be Slowly Oscillating / (abbreviated as S.O,)^if • 
for every positive number c > o / that/ as n -*• <»/ 


lim - 4°y — = 1 


A function ^{yd is said to be the restriction of a slowly 
oscillating function s(x) if <^( n) = s( n) for every psotive 
integer n. It is known [ 35 ] that 


( 3 * 3 *1 ) 


n 


S cr( x) nO'( n) . 
i=l 


We now prove 

Theorem 3.3*1 Let f ^ in S( n^^.R) • Let d^^ s in ( 3 *1 rl^- be 
the restriction of continuously di f f erentl abl e function 
d(x) on positive integers such that xd^(x)/d(x) ig ^ 
non-increasing function of x / where d' ( x) denotes the 
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derivative of d(x-* with respect to x« Suppose cp and 0 
are S.O. functions such that 0(x) -♦ «. as x -♦ <=0 an d for 

p = 1/2/ ••• 


( 3 * 3 . 2 ) 


1 ^ ^ ( p; ^ np-np_^i: 9 ( p) . 


If 

( 3 . 3 * 3 ) 

( 3 .3 .4) 


vC— 

a''-, lim inf ^ 


log n 


7$*. 


© ( p)log d|[9( p)]] 


^ ligP 


and cc"' > p ''/ then f i^ ^ entire function of order abmost 
1 / ( (f- 3 *) . ^(3.3.4) / [[© ( p)J] denote the greatest integer 

not greater than 0 ( p) . 


We need the following Lemma • 

Lemma 3*3.1 Let f ^ in E(np^.R) and <3.^ s in (3*1*1) be the 
restriction of a~ co nt i nuou si v dl f f e renti abl e function d( x) 
on po sitive integer such that xd^ ( x) / d( x) is a non- increasing 
function of x * Suppose 9 is a real valued function defined: 
on the set of po sitive integers such that 0( p) ■+ “ ^ p 
If (n_T-n )4 0(p) and 1 a ' P S 2 / then for 

sufficiently 1 aroe p / 


logl a( n +k) 1 
( 3 . 3 . 5 ) <log n. 


( Pp+^) 


P+l 

0(p+l)log d|0(p+l)I] 


log d( n ) 
{ 0(1) 2 ii„ 


n _ log n _ 
p+l P+l 


Vl 

+ nAog n 4 e(UH-lj! 
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Proof. For k = np_^^-np+l , (3.2.3) becomes 

^ ^rvui ^ -n +1 ) . . .d( 2 ) d( n +1 ) . . d( 2 ) I a( n+l)l 

1 a( ) 1 < g Eii — 2 2 2 


d ( "^1 ) ** •d(2) 


An inductive argument on p in the above inequality shows 
that for p ^ 2 

d( n^+1 ) « . . (j( 2 ) I a( n^ +1 ) 


(3*3.6) ia(n+l) 

ir 


d ( n^+l ).«.d(2) 


X 1 I ( n . -n. + 1 ) d( n--n. +l) • ‘d( 2 ) 

i* 2 i***j«i^ 


Using ( 3 . 3 * 6 ) in (3*2.3) f we get for pi 2 and 1 ^ k^ np_|_^-np / 


A.k d(k) . . .d( 2 ) 

( 3 . 3*7) la(n+k)l < 2 x 

^ - d( ^p+k) . . .d( 2 ) 

p 

X II (n.-n. T+l)d(n.-n. T+l)...d(2') 
. - 1 1—1 1 i-i 

1-2 

where A^ = d( Pj^+I) * . .d( 2) 1 a(nj^+l) I / is a constant . Thus / 
for sufficiently large p f 

k V’" 

( 3 . 3 . 8 ) logla(n +k) ! < O(l)+logk + S log d(i) - S loc d(i) + 

2 i=2 i=2 

P P 

+ S log(n.-n. 1 +I) +2 log(d(n. -n. ,+l)..d(2)). 
i=2 “ i=2 


Since / xd'(x)/d(x) is a non-increasing function of x # 
xd'(x)/d(x) tends to / o < “ * as x-»°=. This 

implies [76 /PP»7] that x"”^® d(x) is a slowly oscillating 
function . On applying the definition of a S.O. function r 
it follows that log d(x) is a S.O. function. Therefore/ 
by ( 3 • 3 *1 ) ' 
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Hp+k 

2 log d(i) (n +k) log d( n +k) / as P -»• =° 

i=2 P P 

Using this asymptotic relation in (3*3*7) , we get for 
sufficiently large p / 


logla(n +k)l k log d(k) 

( 3 .3*9) £ < 0(1 ) + 


( n^+k) 


log d( n +k) 


(Hp+k) 

P 

2 log(n,-n, , +1 ) 
1 1-1 


n +2 i=2 

Jr 


1 ^ 

+ ;r- 2 (n.-n. , )log d(n.-n. ^tl) ‘ 

■^p i=2 1 1-1 


■p i=2 

Now consider the function g defined by 

X log d(x) 

g(x) log d(n +x) • 

( Hp+X) P 

Since i xd'^(x)/d(x) is a non-increasing function of x 

,/ / \ d^ ( n +x) 

np log d(x)+(np+x)(x - (Ep+x) 

g''(x)= ^ ^ 

(np*x)2 

Therefore / g(x-' is a non- decreasing function of x/ so 

that for 1 ^ k ^ n ^ -n 

P+1 P 


(3.3.10) 'SJoajOd .log d( n +k) 


( np+k) 


‘vi'V ^‘Vi’V 


n 


P+1 


log d(np^p) 
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Thus the estimate of logl a( n +lc) I /( n tk) with (3»3*2-^ and 

P ' p 

( 3.3 » 10 ) becomes- 


logl a( n 1 

< 3 _og n { 0 ( 1 ) 

( n +k) • 


log d( n . ) 0(p-!-l^log 3[[0(p4i)j] 

pri. , 

Vi Vi^°° Vi 


+ 


1 


n 


P 


log Hp 


P 

S 0 (i)log d[[e (i) + 1 JJ} . 
i=2 


This proves the lerama • 

Proof of Theorem 3»3*1 Using (3*3*2) 

Since ^ is S.O. (3.3*l) gives 

P 

S <P(i) p p) 
i =2 


P 

we have n ^ 2 <P(i)+n, 

P i=2 


as p -» 00 . 


Thu s / as P -»■ 0 ° / 


(3.3.11) n log n S (l+o(l) p<p(p) logp* 

P P 


The definition of oc in (3*3*3) and (3 *3*11) give / 
sufficiently large p / 


( 3 *3 *12) 


9(p+l) log d[[®(p+l)]] 


0(1) ■* 


for 


Prom the proof of Lemma 3*3*1 / the hypothesis xd'(x)/d(x) 

is a non— increasing function implies that log d(x) is a S*0» 

function * Since 0(x) is S*0. and 0(x) •* " as x-*<»/ 

the function loa d[[0(p)]] is a restriction of a S.O. function 

p 

on positive integers* Therefore 2^ 0(i) log d[[0(i)+l]j is a 
restriction of a S*0. function on positive integers* 
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Consequently / by (3 •3.1) as p •* » 

P 

S 9(i) logqjj© (i)+l]]~ p 0 ( p)log o ■T0( p) +1 ]] 
1 = 2 

p 0 ( p) log d |]]0( p)Jj 

Using this asmptotic relation / (3*3.1l) and (3 *3 *12) / 

w6 obtain for la roe p 


lOQ n 
P P 


P 


-=2 


0(i) logdia (i)+l]] + 


9(p+l)log dj|0(p+l)]] 


"p+i Vi 


(l-ro(l))p 0 ( p) logd[[®(p)]l 
P <P ( p) logp 
e(p) logd[[0(p)]] 


+ 0 ( 1 ) 


vTp) logp 


+ 0 ( 1 ) . 


Lemma 3«3.1 to ge their with the aixDve estimate shows thab for 
p b 2 and 2 ^ h ^ np_^^-np+l 


(3.3.13) 


logi a( 

“rnpTkf 


< log n. 


■p+l 


Cod)- 


log d(n ) 
P 

log n^ 


0Cp)log d[£0(p)]] 
(?)TpT~ logp 


Since P"''/ we get from the above inequality that 

logI a, I 

lim sup r - CO and therefore / f is an entire function 

00 ^ 

Further ^ if A is the order of f / then the coefficient 
characterization of A (c.f. section I. 3 ) and (3»3*13) easily 
give A ^ l/(ar^’').. This completes the proof of the theoran. 



Remark . Itittina ' n = 1/2/ •• in Theory 3.3.1 / 

we get a result obtained earlier by Shah and Trimble [ 83 ] * 
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3 *4 This section is d^oted to finding estimates for 

the type of entire functions of finite order belonging to tl 
cl as se s S ( n • ) and S ( n • <» ) . 

Theoren 3 *4 *1 f ^ E( oo) have order A ' o< A< “/and • 

Let d^' s in (3*1 *1) satisfies (3'2.l) • Then / 

1 / n ^ 

{ d( n, ) d( n ) . d( n ) ^ ^ 

(3*4*l) lim inf [ — 2 — J 

P -*• “ 1/A 

^P+1 


A r>/n 

lim sup ( 2d ) 

P “ 4 ( 2dJ 

^ i i- . 

e At 


©At 


CO 

Proof. Since f ( z) = S a_z;^ e E(n.. <^ ) and d ^s satisfies (2 
n=o n p, n 

the inequality in (3*2 . 5)13 satisfied* Now / the coofficien 


characterization (1.3*9) of t gives 


e A T = li>n sup kl a-. 


A/k 


k -* oo 


A/( n 4-k) 

lim sup { ( n^+k) I a( n +k) I P ,’2^ k S n_ , -n +1 /p >j 

P P+-I- P 


P 


<: 


l^^sup ( 2d^>'^ 


1/n ^ 

{d(ir )d(n ) ...d(n ) } ' 
lim inf [ i7a ^ 

■n ^ CO ^ ' 


A 


n 


■p+1 


by using the inequality (3-2*5) . This proves the first 
inequality in (3 -4*1) • The second inequality in ( 3 -4*1) 


is obvious* 
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3*4*1 AssuiTie the hvTX)thesis of Theorem 3*4*1* Tf 


n 


iv-l 


( 3 * 4 * 2 >> liim inf [ ™ — S log d(±)-log n ] = 

P -» CO p i=i 

then T = o * 

Putting = n in Theorem 3*4*1 we have 


3 . 4 . 2 Let f ^ an entire function of order A /■ o< A < °° ' 

00 

and type t ♦ Let { n > „ , ^ ^ str ictly increasing seq uence 

- p p_i 

o^ po ffitive integers such that f ^ is unival ent in A . Then r 
( 3 * 4 * 3 ) lixa inf [ ^ ^ 


i7a 


A 

eA T 


P-* CO ®At 

If f £ %(n •«>) / our next theorem gives a-' hound for the 

hr^ 

type T v/hich is better than that given by Theoron 3*4*1* 

Theorem 3 *4 *2 L^ f t E^Cn^^* ~ ) have giOSi A / o < f\ < ^ 
and type T • ' 


1 /n 


( 3 .4 - 4 ) lim inf [ 

p ^ CO 


{ d(n^)d(n^) ..*d(n^) ^ 


n 


1/A 

p+i 


lim sup dp^^^^p 

P -* CO 


e A T 


e A T 


Proof - 


Tl, 

Since f ( z) = S a z £ E^(n * ») / we get from (3*2*15) 
n=o 

A d^ 


^ d(n^Jd(nV*.d(npJ 
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where A 2 is a constant . Thus / by (1.3.9) / we deduce that 

A / Ic 

e A T = lim sup kl a. 1 ' 

V ^ CO ^ 

/(n +k) 

Jr 

= lim sup{ ( n +k) I a( n^+k) I *2^k^ P ^2} 

ir^ P P+J- P 


lim sup d^^'^^p 

p CO ^ 


1/n 


{( d( n, ) d( n ) . , .d( n )) 
lin, inf[- 1 ^ E ] 

00 


n 


pti 


This proves the inequality in (3 *4 • 4 )* 


Co roll arv 3 *4 *3 Assume the hypothesis of Theorem 3»4«2*T£ (3 *4 *2) 
holds then x = o. 


Remark . If '3.^' s in (3 *1*1) satisfy (3«2»l) # then C'O roll ary 3 *4 *3 
follows from Corollary 3*4»1» 

Taking ^ ^ n = 1/ 2/ • in Theoron 3»4*2 / we have 

Corollary 3 *4 r4 bet f ^ ^ entire function of order A/ 

C30 

o < A < =0 and type x • Let {np}p_j^ ^ a strictly increasing 
sequence of positive integers such that f ^ ^ convex 

univalent in A . Then > 


( 3 *4 .5') lim inf [ 

P -► 00 


1/n !\P/n 

V V ' ^ ^ Ij^^gup 2 ^ P ^ ^ 


1/A 

^p 


©A T 


©A T 


The next theorem shows that if d = 

n 

and lim sup ( n -n . ) < 0 ° then x = o. 

P 03 P P~'^ 


n f n = If 2r * 
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?heor3Ti 3 • 4 • 3 Let f ^ entl re function o f order A > 1 


and type x • Let fn„}^_T be a strictly increasinq sequence 

- p p=i ^ 

of. positiye integers such that f ^ i^ unival ant in A . If 


sequence 


1 im sup ( n - n , t hen x = o ■ 

p CO 

( n ; 


^irooi** Si iio 3 1? 


is univalent in A / we have from (3*2*3) 


for h — 2/3''** and P=2/3»*** 

h k I ( n. +1 ) 1 1 a( n +1 ) I 

(3*4*6) la(n-fk)l ^ 2 

^ ( np+k)! 

CO 

where /f( z) = S a z . Letting k = -n +1 and inducting 
n=o FH-1 P 

on p / we get for p = 2/3/ ••* 


a( np+1 ) 1 ^ ^ 

ir 




where/A^= (nj^+l) ! 1 a( n^^-t-l) 1 is a constant* Combining the 
above inequality in (3*4*6) / we conclude that for 
2 ^ k ^ np_|_^-np+l and p S 2 . 

Apk k! ^ 

( 3 *4 *7) I a( n tkJ 1 ^ 1 I ( n--n. , +1 ) ( n. -n. +1 ) ! • 

P _ (np+k)I i=2 "" 

If n is a positive integer greater than 1 / then we can 


find two positive numbers / k^^ and k^ / such that 
1 1 


k^n^ (g)’^ < n I < k^n^ (^) 


.2 /mn 


Further / if {np}p_^ is a strictly increasing sequence of non- negative 


integers 


/ then for each p S 2 / it is known that [.8 5 J 


(3.4*8) II (n. -n. ,+l) 
i=2 ^ 


l/(np+2) 


n p/n 

s ( 1+ P S 2 -• 
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Using this on the right side of (3.4.7) , taking the (np+k)th 
root of both sides of the resulting inequality/ and 
applying ( 3 . 4 . 8 ) / to part of right side of this / it follows 
that for 2 -S k S n^^-n ^+1 and P S 2 / 


„ a,+l-P 

l/(n +k) Ak^ e >3 - l/(n +k) 

(3.4.9) la(np+UI P S k ^ 

r-Vrk — J' ^ ] 


Now we maximize the expression in the second set of 

brackets on the right side of ( 3 . 4 . 9 ) . Let 

P n.-n, 

a = II (n.-n. -+l) ^ 
i=2 


and b = tp . Define <P for x > o by 


(P(x) = 


( ax ) 


^ l/'(b+x) 


Since the minimum value of (P is attained at x = a"^' / it 

ro 

follows that the maximum value of <P on any closed interval 
occurs at one of the end points . Hence / for pi 2' and 
2 ^ ^ ^ ^ 

^k/n +k (n.-n. )/(n+k) 

n (n.-n. ,+l) ^ ^-1 ' P 

( n +k) i=2 ^ 

Jr 


^ max { 


l/(n + 2 ) p 

1 P 




(n.-n, .)/(n +2) 
(n.-n, +1) 14-1- p 

i 1-1 


l(n .,+ 1 ) 

^ ^n4.1 “ P J2. ( n • - 1 \/ C n T + 1 ) } 

^£± 1 .,-^ l!(n.-n. .,+1) ^ ^”1' P+1 

n,,,+l . - X 1-1 

P^l 1=2 
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Aftsr simplifying this / and then using it on the night 

side of ( 3 * 4-9 ) / we have that for p h 2 and 2 ^ n ,-n +1 / 

P +1 P 

/ \ -^1^? ^ v3 i l/(n -fk) 

(3.4.10) I a( n +k) I ^ <■ - ~i 3 n ' P 




.( — — ) 

^n +k 
P 


X 


X max { 


j> 


n 


P 1=2 


1 I ( l"*"^^ 


( n. -n. - ) / 


n 


i-1'- ^p 


n 


1 /n . 

' p+1 p-hl 


:£±i. 


ri 


p-rl 


(n.-n. T)/ri 

1 I (n.-n. ,+l) ^ } 


i=2 


i i~l 


Since 


eA T = lim sup kl a 


A/k 


k' 


lim sup { ( ii„+k) I a( n +k) 1 A/( n^+k) . 2 ^y^^n. ^ •-n>l/p ^2 


>M “p" 


( n +1 ) ^ A ( n.. -n. , ) /n 

(3.4.11) S lim sup. — ^ II (n.-n, +l) - 1-1 P 

p -► 00 nA i=2 ^ 


P 


by using the inequality in (3 *4 * 10 ) • Here is a constant. 

The hypothesis lim sup (n -n^ ^ )< <» gives n^ ro n^,, as P • 

p .*00 P P-1 P P+1 

Thus ( 3 *4 •!! ) becomes r 


( 3 * 4 * 12 ) eA T ^ A^lim sup 


^ A(n, -n, T ) /n 

II (n, -n, ,+l) ^ P 


p^cc ^A-1 i=2 

P 


U ‘1-1 


CP 


If ^n-i ^ strictly increasing sequence of positive 


00 


numbers such that lim x^ -.00, and if {y-n^nzii ® sequence 

P 00 P Jr’ -L 

of real numbers / then [ 36 ] 


y y -y . 

lim sup ;^^lim sup • 

p-^oo^p p-*oo p -^p-l 
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■f^or applying the above inequality / we take = n and let 

P P 


P 


yp ' .y log 


n 


Then 


The 


"^P "P-1'' ' p "p 

second expression inside the bracket of this equation 


yn~^r>-l 1 “1 n^ T /n^ , 

2-_£=i pp log(n -n +i)+(A_i)[-iog{l- l^g _£=!] 

"'p ^^p-1 P P-1 n^ 1-n.^i/n.,, ^ 


is a decreasing function of n , /n . Further t 

p-i' p 


lim 

X- 1~ 


(x logx)/(l-x) = -1. Hence / lim sup Yp/^p - “ 


P 


Now t since 


y^^ T A(n.-n. ,)/n 

^ = log 11 (n -n. +l) ^ i-l ' P 

p ri^ i=2 ^ 

it follows from (3*4 *12) that x = o. This establishes the 
theorem. 

The following theorems are in the other direction. 

Theorem 3 *4 *4 bet f in ECn^. have order A / o<A < ^ * 

and type x • Let s in (3.1«l) satisfies (3.2*1) .If 

there is ^ Positive integer M > l such that lim inf (n ~n ) ^ M/ 

p) CO ■*' 

then 

(M-l)/n , 

( d( n, ) d( n ) . . .d( n , ) ) ^ A . 

(3.4.13) lim inf[ — -rTH — ^ J ^ * 

P ^ ' e A T 


n 


■p+1 


Proof. From (3.2*15) r we get for p > Q and 2^k ^n_,,-n.+l / 

. p+q p 


a( n +k) 1 ^ ^ in” 

^ ( d( n^^ ) d( n^) . . .d( n^T ) ) 


P-l' 
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Now / by using (l.3.9) / we obtain 

A/( n +k) 

e A T = lim sup { ( n +k) I a(n +k) 1 ^ :2 ik ^ n -n +l/ p> Q 1 

P P P+1 p 


lirn inf f- 

p ^ CO 


( d( n^) d( n^) • • - dC ) 


(M-l)/n 


■p+1 


1/A 


n 


p+1 


This proves (3*4*13K 


Co roll ary 3*4*6 Assume the hypothesis of Theorem 3*4*4 
If lim ( n - n ) = c» and 

p CO ” 

_ (d(r^)d(n ) ...d(n ))^' 

( 3 * 4 * 14 ) lim inf [ tTa ] > 1 

r -> CO ■*■/ ' 


n, 


■p+1 


then X = o . 


For dj^ = n / n = 1/2/ •*•/ Theorem 3*4*4 gives 


Co roll ary 3*4-7 Let f ^ aH entire function of order A o < A < oo^ 

CO 

and type x • Let { n } ^ jl strictly increasing secyence 

_ p p=i Tnp) 

positive integers such that f is UPi,Yal..aj3i iu ^ • if 
t here is a PO si tive integer M > 1 such that lim inf(n -n ^ M / 

“ p CO P P"-*- 

then 

(M-l)/n 


(3*4*15) lim inf [' 

P -4* 00 




1/A 

V 


] ^ 


1 


eA T 


IffaE(n*W/' / the condition (3*2*l) is not needed' to 
c p/ 

deduce the estimate in (3*4*13) 
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Theorem 3.4.5’ Let f bp in p Cr, ^ '1 u 
ir r oe in (. . 00 ) have order 

snd tY , Pe , T • If there is a positive integer M> ] 

(3.4.13) holds. 

M CO "*• — ■ n llll■■^ll 

Esoot. The proof is same as that of Theorem 3.4. 

2 ££ 2 ll.S£Z 3 .4 -8 Assume the hypothesis of Theorem 
If lim (n^-n ) = and (3 *4 *14) holds / then 7 


A / o < /\ < 00 
- such that 

•'4 • 

»4 • 5 ♦ 

: o • 



CHAPTER IV 


GROVWH OP ENTIRE FUNCTIONS WITH SOME 
UNIVAjENT GELFOND-LEONTEV DERIVATIVES 

4 .1 Let f( z/ - entire function . Let 

n=: 0 ' 

'iC z) = S e =1 / e = (d where {d 

j^_Q no n n ^ n‘^n=l 

is a non-decreasing sequence of positive numbers* The function 

z) is called a coraparision function (c.f .Section 1 . 3 )if 

e ^/e-*o> Thus * a comparision function is necessarily entire* 
n+ 1 ' n 

When ’i'( z) is a comparision function / Nachbin defined W-type 
of an entire function (c .f * (l *3 *16))* The concept of W-type 
is an extension of the notion of exponential type of f* 

We define the 5^-order of • an entire function f as the 
infimum of all non-negative numbers A such that for sufficiently 
large values of r and some constant M^ / 

( 4 * 1 . 1 ) I f ( re^^) I ^ 'P(Ar) / z-= re^^ . 

Wg shall denote the '?-order of f by Pij((f).If ^'(z)=e^i then the 
’i'-order P^(f) of the entire function f concides with its 
classical order (c .f .section 1 . 3 ) • 

The characterization of ^'-type T,jr( f ) of an entire 

00 y. 

function f ( z) = ^ terms of the coefficient a^^ is given 

n=o 

by (1 .3*16) * Thus / 

1 

a “ 

TmCf) = lim sup ig — ! 

^ n *» °° n 
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The above coefficient characterization motivates the definition 

CO 

of 5'- type of a function f ( 2 ) =2 a analytic in £z*izl < R} • 

n=o 

Thus (c.f. ( 1 . 5 . 4 )) t the "f-type of f e H_ is defined as 

1 

a — 

T (f) = lim sup l-^l ^ 
n *♦ «> ®n 

However t an analogous coefficient characterization of 'E-order 
of an entire funccion is not known. 

In Section 4*2 / we consider functions in the class 

having finite 'E-type and first find a relation between the 

radii of convexity P (c) of the Gelfond-Leontev derivatives' 
n 

D and the radius of convergence R of f. Further / in this 

section / we obtain the growth of radii of uni valance and' 

radii of convexity (c.f. Section 1.5) of D^f in terms 

of the growth numbers o' and 6 (c.f. Section I. 3 ) of an entire 

function f . In Section 4*3' we find an estimate for the 'E-type of 

an entire function in terms of the exponents n for which 
n ^ 

D ^f is analytic and univalent in A • Section 4*4 is devoted 

to the study of lE-order of an entire function in relation to 

univalent functions with some analytic and univalent Gelfond- 

Leontev derivatives* In this Section / we first find a' 

00 

characterization for ^-order of an entire function f ( 2 ) =2 a z^ 

n=o ^ 

in terms of the coefficients a^^ • Using this charact.^rization 
an upper bound for E-order of an entire function is found when some 
of the Gelfond-Leontev derivatives are assumed to be and;ytic- 
and univalent in A '. By taking d = n # some of the results of 



128 


Shah [so ] / Shah and Trimble [86 / 88] follow from our results* 


4.2 In this section/for f in the class H_ / o < R < “/ 

K. ..I- 

we find a relation between the radii of convexity 
of Gel fond-Leontev derivatives o'^f and the radius of convergence 
R of f* If f is an entire function / the relations between 
the radii of univalence and radii of convexity 
D^f with the grovvTth numbers T and 5 of f are also obtained- 
We prove 

Theo rem 4-2.1 Let i(z) = S a z have radius of convergence 

n=o 

R / o < R ^ “/ i^ of finite ^- type and P(c)/ n=:l/2/.-r 
be the radius of convexity of the Gel f o nd-L eo n t e v derivative 
2^ f ' Su ppose lim la„/a„.i I e xists - Then / 

Yi-*oo ^ n”rJL 


( 4 - 2 - 1 ) 


lim sup d P (c)^ J{ 

n .* 00 n n ^ 


4d^-3d^^ ^^2^ 


3 2 

Proof. If R = CO / then (4-2-1) is trivially true • So / let 
o < R <“ - Since f e is of finite 5'- type / we get from 
( 1 . 5 . 4 ) that r^('i^) = sup {d^}<°° and so d^ as n » 


The function K / 
n 


n ^1 
defined by 


n 


n+1 


D“f( P„(c) 2 )-D"f(o) 
K (z) = S 


n 


P^(c)D^'^^f(o) 

^fs±2 !b±2p (c)2^4. %4 °- U In+i p2(o)23+... 


is analytic and convex in A. Therefore/ ' by using (1-2-11)/ we get 
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(fata ^ p (c))2- liii pfCclii fE±2,2p: 

2 ®n+l " '52‘^3 ®n+l " 3 r 


or / 


4(%ti)‘^l^ati|2 p2(^) fn ta fii t a ifsta, p2(<,j s i 


'^a ■ '^n+l' '""" ■■' ^2^3 '^n+l' '"■ 


Since <- as n -* °o and lim I a_/a __,_3 I exists / taking 




-»• CO Xi • 

limit superio'" in the above inequality / we deduce tha+ 


1 iin 
n -* 


sup d P (cJ^ ( 

CQ i J. Xi 


(4d3-3d2 


) djR 


Remark . We observe from the proof that Theorem 4.2*1 continues 

to hold if the hypothesis of finiteness of i'-type of f is 

00 

replaced by the hypothesis d^^ as n where { d^^} is 

as in (l -3 *14) * 

Co roll arv^ 4*2*1 Let f( z) =2 a have radius of convergence 

n=o 

R / o < R ^ » and is of finite ^- tvpe * Suppose lim 1 a / a 1 

^ ^ 03 n n'rx 

exists * If lim d_P„(c) = °° f then f is a transcendental 
— __wa — — oo n n — ~ 

entire function* 


The following theorem gives relations of and P^ic) 
with the growth numbers 7 and 6 of an entire function* 

Theo ran 4*2*2 Let f( z) =2 a z ^ ^ transcendental entire 

n=o 

function such that 1 I is eventually a positive ^nd ■ 

non-decreasing sequence • Let P^ and Pj^^c^ ^ the radii of 

n 

u nival ence and radii of convexity of D f and the sequence { 1 1 
is satisfies d^^ as n # then 


(c) P 
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sup d P 

( 4 . 2 * 2 ) lim 


nr-.t-' inf 


n 


and 


( 4 • 2 • 3 ) lim' 


sup d P (c) 



(■ 


n n 


n CO X ni 


n 




■ ^ 
d \i — i 


2 VV ^2 


-/6 




'^2\l4d^-3d/^ 


d ^ 


2N4d3-3d2' 


■/r 


where T and 6 are defi: 


( 1 . 3 * 11 ^) • 


Proof. The function H. , defined bv 


( 4 . 2 . 4 ) 


D^f( P z)-D^f{o) 

H ( 2 ) = 2 


n 


P^ D"'‘'^f(o) 

= 3 +% i2±3p2^3^... 

"52 ®n+l " ‘^2‘>3 Pn+1 " 

is in S . Therefore / by (l.2»l) 

I (i±2) 2/fnt2 p ) 2 _ ^n-f2 ^n+3 ^n+3 p2, ^ , 

^^2 ®-n+l ^ ^2^3 ^n+1 ^ 


Or/ 

d P ^ 
/ n n \ 2 

' n ' 


1 /^n+2^2/_ n ^2 _ _1 ‘^nt2 "^n-hS 


n 


:(■ 


7' ^ ^■ 

d^ n , ^ntl I 
^n +2 


‘^2'^3 


d„ 


n 


^n+2 ^n+1 


^n+3 ^ 11+ 2 


^ 1 


Now'by using (1.3»13^ and the fact that '^n*^ ^n+1 ^ 

we deduce the ineciualities in (4 • 2 . 2 ) by the above inequality- 



The inequalities in (4 •2*3) follow on replacing 
by P^(c) in Ui. 2 . 4 ) / applying (I. 2 .II)/ follo-welby (l.3.l3r) and 
pro c G e di ng a s a!oo va • 

Remark 1. If the condition d„ «« d , , as n is dropped 

n n+j. 

from Thaor-cm 4 *'^'■2 / then the following inequalities hold 


instead of (4'2-2>’ 


sup 

( 4 . 2 * 5 ) lirri 

n-*- “ inf 


end ( 4 * 2 . 3 ) 


n 






and 

sup d 

(4*2*6) lim (-- 

n *♦=» inf 

The proof of (4*2*5) and ( 4 - 2 * 6 ) is easily constructed 
as follows* 

Since the function / defined by ( 4 . 2 * 4 ) / is 
in S # we have by (1*1*2) 



1- 1 s - ^ . 

'^ntl n+2 n 

This gives the inequalities in (4*2*5) on using (1*3*13) and 
proceeding to limit* Likewise / the inequalities in ( 4 * 2 * 6 ) 
follow on replacing P^ by P^(c) in ( 4 * 2 * 4 ) / using (1*2*9) 
followed by (l *3*13) • ' 
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2» We observe that / in general / the estimate found 
in (4*2-2) is better than the estimate in (4»2*5)* However * 
if Sd^ < 4d2 / than ( 4 *2 *5) gives a better estimate than 
the estimate in (4r2.2j*’ The estimate in ( 4 * 2 * 3 ) is better 
than the estimate in ( 4 . 2 * 6 ). 

3 . With ^ ^ ^ Theorons 4*2*1 and 4*2*-2 give some of the 
results of Shah and Trimble [ 88 ]. 


4.3 The main purpose of this section is to find an upper 

bound for 'i'-type of an entire function assuming some of 
the Gel fond-Leontev derivatives to be analytic and univalent 
in the unit disc A . Throughout in the sequel / E(np^.R) / 
o < R<=° denotes the class of functions/ introduced in 
Section 3*1 • 


Let f be in E( n_.l) * Set / for p = 1/ 2/ * • • / 

P' 


( 4 . 3 * 1 ) 


log(d(n^-n^_^+l) . . .d( 2 ) ) = 


1 


( S log d(i)-^_J = 


V. np ' its -P 


and define 


(4 *3 . 2 ) 



lim sup ^ 

P OO P 


sup 0^ 

lim , . = ro 

_ inf n 0 

P CO P '^2 
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In tha following theoren we find a condition involving 

l'"'" which is weaker than the condition (n_,,-n^) = o(loa d( n ) ) 
^ p p+1 p " P 

as P •♦c.^(c«f* Corollary 3*2*l) but still forces the function 
f to be entire* This is needed in the sequel to construct 
an example concerning Theoran 4 *3 •2'' wherein the desired 
upper bound on '■?-tyPe is found* 

Theorem 4*3*1 het f £ S(n *l) » If lim | , tn^en f is- 

^ P -+• CO 

enti re « 

Proof * Since / for 2 ^ h ^ np_^j^-np+l/ 


d,..*d- l/(n +k) d( n , -n +l) * . »d( 2) l/( n + 2 ) 

k 2 j P ^ ^ P 


/ ^ 


d( n 4-2) ♦ • • d( 2 ) 

ir 


we deduce from (3*3*7 ) that for sufficiently large p 


l/(n+k) 1+0(1) £_ 

la(np+k)l ^ 1 / ( n +2) . ^ ‘ ^1“ ’^i-l 

(d(n + 2 ) * **d(2)) ' ^ 

ir 


P+J. l/(n + 2 ) 

X II d(n. -n. ,+l)***d(2)) 
i=2 


Now • by using (3 *4 *8) we obtain for sufficiently large p 


l/(n +k) 2(l+o(l)) 

a( n +k) 1 ^ ^ rn i I ( d( n. -n. ^ +1 ) * • d( 2 ) ) ^ 

^ P (a(nJ...a(2#/"p i=2 ^ 

ir * 
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Hence r 
(4-3*3> 


^ = lim sup 1 aj,l 


1/k 


l/(n +k) 

= lim sup { la(np+kl ^ 


/ 2^ k^ n T -n +l/p> Q } 
Pr-i. P 


^ 2 lim sup 


(d(n.~n._^+i;...d(2))^''^% 


P H. CO 


1/n 

(d(n ) .. .d( 2) ) ' ^ 

P 


Now, 

Pil 

IT 

i=2 


1/n 

( d( nj_-n^_^+l ) . . .d( 2') ) ' ^ 


1/n 

(d(np) . ..d( ?)) ' P 


P+1 


Hr 


= exPL 2 log{d(n.-n, , +1 ) . . .d( 2) )- S log d(i))] 

p i=2 ^ i=2 


n 


exp[-~( - s' log d(i))] 


P 

li. 


= GXP(- Ip • 

Since lim I *= * it follow from ( 4 . 3*3) that R = co / i.e. 

p P 

f is an entire function • 

We show in the following example that there exists a 

sequence { n.^} such that ^^p+ 2 ,“^p^ yst / 

lim 1^^ = t Thus * Theorem 4 .3 »1 • applies while Corollary 3*2*1 
p ^ 00 P 

is not applicable • 
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Ex agvple 4 - 3*1 { M, } , be any rapidlv increasina 

M 

sequence such that ^ ^ 2 ^ = lO^ . Let / 


nCk; = k / 1 ^ k g M 
M 1 

n(k} = 2 -i-j / 1 g j S k 

and 


din) =n^/ a> o 

CO 

then the sequence { satisfies (3*2*1) and 


2 / 


sup n^T-n_ 

1 im { } r 

p^ooinf log d(np7 


; lim ~ » 

P -> CO P 


Next / we find an estimate for the 'i'-type of functions 

in the class E(n„. “) . 

P' 

Theorom 4 *3 • 2 Let f e E( n .»= ) . Then / the ^- type of f: 

**“***”" ir^ 


satisfies 


«N 3 

e. 


V^l n 

(4.3.4) T ( f ^ ^ exp[ 77 ( 2 -- w^) + 9 log(l+ -kt—) ] 

W 92 ' Q'l 

w here t ), 0 ^ and ©2 are defined by (4.3*2) • The function 

^log(l+^) is interpreted to be o at Qj^= o» 

Proof * If h = 00/ then (4.3*4) is trivially true * So / 

n 

let T) <00. Since f £- function D Pf is analytic 

and univalent in A . Therefore from ( 3 * 3 * 7 ) for p ^ 2 and 


2 s k s ' 


(4*3*5) la(n-t-k) 

ir 


d, • * * d 

1 / ( n +k) ^ ^ 


n +k* 


jl/(np+k) 


^ l/(n+k) 

X I I ( C ^ ) • • * d( 2) ) P 
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where — d( n^+1 ) . . .<3,( 2) 1 a( n^+l) 1 » Is a cons'fcan't 
( decreases with k , therefore for 


Now 


2 ^ k 


Vi'V^ 




l/( n +k) 


^ ( d(n -n +l) . . .d( 2) ) 

X>hX P 




log{ d( ri , -n^+l ^ • • - dC 2) ) 
i exp(— ^ Eii-E ) 

^ +1 
P+1 

^ VP" 

Using ( 3 . 4 . 8 /* and the above inequality in (4*3*5) / 

we obtain for sufficiently large p / 

a( n^+k) l/(n„+k) _ n 

' * Cl+o(l))exp[ 

P P+J- P P 

Hence# on proceeding to limits # we get 


'P 


(f) = lim sup 
! k °k 

1/ ( n +-k) 

= lim sup { i a( n^+k) 1 ' ^ **2^ k ^ np_j_^-np+l #* p^ 2 } 

«o 

9 ^ 1 

^ exp[u(2- ■^) +-^, log(l +■ =V-) ] • 

©2 ®1 

The following example shows that if t? = oo then # there 
exists a function F in E(np*«>) having infinite '^-type* 


Example 4*3*2 Choose a strictly increasing sequence 

00 

of positive integers and { d } of positive numbers such 

p P=1 

that 


.* 

n = °° = lim 5 * 

P M. 00 



137 


where and rj are defined by (4*3.1) and ( 4 . 3 . 2 ). 
Let 


^ j -J- 


exp (g^) 


2^^ d(j+l) ...d(2)(j-n +1) 

Jr 


/ j = n^ for some p. 


0 


/ otherwise* 


Let 


00 V 

F( z) = S a-, z . 
k=l ^ 

Since/ lim sup ' by Theoram (4.3.1) / F is entire . 

p -♦ 00 P 

Now / as T? = CO / 


a, 1/k a(n + 1 ) l/(n +l) 

T (f) = lim sup i-~l = lim sup I— tTlITTI 

T k -» CO p ^ 00 etnp+i; 

exp( I _ ) 1 / C n +1 ) 

= llm sup [ P 

P CO 2 


= CO * 

Thus / F is of infinite IP-type. It ranains to show that 
n 

D ^F is univalent in A . In view of (1.2*6) / it is enough 
to prove that 


d( n^. , +1 ) . . .d( 2) 

EtiS — . .. — I . .,,. I =( ]-j 4.1 ) 

P+h p d(n^^-np+l) .. . d( 2 ) 


00 

S (n 


■n. 


^+1 ) 


^ d( n -fl ) • * •dC 2 ) I a(n + 1 ) I ♦ 
P P 
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Or / equivalontly / 

( 4 •? .e) 


GO 

S 




^ 2^ d( n^].-np+l ) . . . d( 2) 


^ 1 . 


It is 3 asily sosn by inducting upon k that 

P+k 

P4.]^“ ^ = II ( d( n. -n + 1 ) . . . d( 2 ) ) 
i=p+l 

~ ’^p+k“^p‘‘'^ ) • • • d( 2) ■ 

and so (4.3*6) is cleeirly satisfied . 


If we further assume that lim sup (n -n 

p ^ 00 P 

previous theorem / wo get a simplier estimat 
This is exhibited in the following theorem . 


p-l) < “ ^ in the 
e than in (4 .3 .4) 




Theorem 4 * 3*3 Let f £ E(n ) * Suppose lim sup(n -n ^ ) = h- / 

P p -» 00 P P”"^ 

1 ^ )ji,< CO . Then the W- type of f satisfies 

1 /P 

(4*3*7) T(f)^ 2 (d(M-+l) ...d( 2 )) 

y 

. ''p 

Prop f ♦ Since the function D -^f is analytic and univalent in A / 
we have from (3 *3 * 7 ) for 2 U k a n ^-n +l and sufficiently 

p+j. p 

largo p r 

a( n +k) 1 / ( n +k) 1 / ( n +k) 

ir 

l/(n +k) 

X 1 I (( n.-n. +1) d(n.-n. ,+l)*..d( 2 )) P 

^_2 1 i +1 i“l 

Let / be such that P < m/<°o. Then / for sufficiently 
large p we have (n^^-n^) < ii* * Therefore/ for 2 ^ k ^ np_^^~np+l / 

(4.3.9) (d 3 ^***d 2 )^/^ ^ (d(np^^-np+l) ...d( 2 ))^'^^pH-l 

= 1+0(1) / as P-.0O . 
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Using (3-4-*0) and the preceeding inequality in ( 4 . 3 * 8 ) / 


we get for sufficiently large p / 
a( n +k) l/(n +]<:) 

( 4 - 3 . 10 ) ^ ^ 2 (l+o(l)) 

Now if a.--o / t. o / St.>o 
3 3 3 

clearly / 


-P 

1 I ( d( n. -n. ^ 

i=2 

and max 

l-s N-1 


l/( n +3^ 

tl).. d(2))' ^ 

a . a.T 

( j3.) £ ^ ^ then 


( 4 .3*11) 


N 

S 

3=1 


t . a . 

3 3 


N 

E 

3=1 






Further * log( d( j+1 ) • • .d( 2))/3 is an increasing function of 
j for l^j^U /U =1/2/... . Thus # if 1 i j ^ U / 


( 4 . 3 . 12 ) 


log( d( j+l) • • •d( 2 )) 

j 


log(d(^L+l) ...d(2')) 
4 


Let P > Pq and 1^ r ^ /x . Suppose t^ is the number of 
j^'s in [ Pq/ p] such that nj_^j^-nj = r for 3 = 3 \ . Then 

by (4*3.11) and (4.3*12) 


/ 


S log(d(n.-n. ,tl/'...d(2) 

j=p^+l 3 J-J- 


P 

S 


=P^+1 


( n.-n 


j -1 


) 




iU- 

E t •log(d(r+l) ...d(2)) 

7=1 


|X 

S 7t 
7=1 

log(d(U+l) . . .d( 2 )) 





1-40 


This inequality gives- 

^ 1 / ( n +k) 

II (d(n. -n. , +-1) » . ,a( 2 ) ) ' ^ 

^ p 


log( d(n^-n^^^+l ) . , ,d{ 2 ) ) 


^ GXP [ 


S log( d( n. “*n . , "H ) • * • d( 2) ) 
i=p +1 ^ 

^ axp[ 0 ( 1 ) + — ] 

p 

S ( n. -n. T ) 

i=Po+l ^ 

log( d(M-+l ) ♦ ♦ *d( 2 ) ) 

S ekpf 0 ( 1 ) + — - j . 

M- 

Using the above: estimate in (4‘3‘10) ^nd ptoceeding to limit 


lim sup 
k"* 00 


1/ k 


atn +k) l/(n^-fk) 

aim sup { i ^ .*2 ^ k ^ n^^-n^+i; 2 } 

P 


£ 2(d{|i+l} %»»d(2)) 


This proves the thaoirtniv 

Hb\^?ever / in certain conditi'drtis Theoir^ 4 '*3*1 is 
applicable while TheOtOT 4i3»3 can not fee applied. This is 
illustrated by the following example I 

ExcinPle 4^3*3 Let c > 1 > = 10^ t a max { [b J/ J 

,,00 

and = 1 Define a sequence of positive integers by 

1 -/ P # 


n ~ n^,, i = 
p P-l 


[log Ibgpji P ■=“ * k = Ilf 2/ i 
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Let = n / a SI for n = 1/2/*.. • It is easily seen 

that /I = lim sup (n^-n^^^) = co so that Theorem 4 *3 "S' is 

not applicable for f c where the sequence { n^} 

is defined as above . However y since h = o and 0 - 0 =1 

1 2 

Theoram 4 . 3.2 can bs' applied and gives that x C f ) ^ 2 • 

W 

Theorem 4*3*3 shows that if (np--np_^) = 0(l) as p -► 00 / 
then f is of finite 'J-type • However / in the following 
example we show that if ,u = lim sup(n -n . ) = 00 / then 

P *4‘ 00 -P P""-^ 

there exists an f s E ( Up^-oo) which i s not of finite ’i'**type • 

CO 

Example 4*3*4 Let {np}p_^ be a strictly increasing sequence 

of positive integers such that (np-np_^) S 2 for all P and 

. <,00 

lim ' = “ • Further # we assume that C n=l 

p ^ 00 P 

an increasing sequence of positive numbers such that 

(i) dj_ = 1 / log d(n)«^logn as n- ~(ii) = o(nplog d( n^) ) 

(iii) Hp = o (^p) where 


= S log(d(n.-n. ^+ 1 ) * ..d( 2 ) ) * 


i=2 


Let $ be a non- dec reading step function such that 
# ( n^ ) = § ( n^) 


f (Up) 


exp( I ) 


and 


f 


(x) (n) , n^ < X ^ n. 


P 


P+1 
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is univalent in A . To this end / in view of ( 1 . 2 . 16 ) / it 
is enough to prove that 


2 (n.,,,,~n - 


. . .d( 2) 


k=l 




. TT ' ^D+k'*'^ ^ 

“ VvV-^ 

^ d( n -hi ) . . . d( 2) I a( n +1 ) 1 . 

P 


Or / equivalently ro show that 


S 




^ $ ( n^) • 

Using the definition of § / this inequality reads as 


(4 *3 * 13 ) 


? -L !f£i££±i££E!_ < , 


Since / an induction argument on k gives for k = 1 / 2 / ••• 

p-hk 

^ d( ^p^jj-^p+1 ) • • • d( 2) ♦ 

the inequality in ( 4 * 3 * 13 ) is clearly true. 


Remarks 1 * In Theorem 4 *3 *3 j it is sufficient to take 

the function f in the class E(n .R) if the sequence { d } 

jtr^ n ri—x 

of positive number satisfies the condition 

1/n 

(4.3.14) lim (d^ P = CO . 


P- 


. P 


In fact / if f fc. E(n_*R) / lim sup(n -n ) = m 

P CO ^ 

and (4.3.14) holds / then f is necessarily entire so thai: 
f £■ E(n * °“) .To see this / from (4.3.IO) / we have for 
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sufficiently large p 

1/ ( n +k) 

(4.3-15) la(n +k)l P 

P 


2(l“f-o(l) ) exp[— 2 log(d(n.-n. .+lK.*d(2i 

X =:2 

n +k 

- rn"ik) .v°® ■ 

P 1=2 


But / since , )U < jj,' <cc^ for 


sufficiently 


1 arge p / we get 
1 P 


~ L log(d(n.-n. , +l) . . .d( 2 )) = 0(i) 
p i=2 ^ 


Thus f using (4 *3'*l4^ 'the inequality (4-3»15)* gives 
1/k l/(n +k) 

lim sup I a-,^1 = lim sup { 1 a( n +k) 1 ^ ^2 a ki n ,,-n +l/*pS2} 

]c -» eo P ptl p ^ ‘■i 

= o . 

This proves that f is an entire function jjn plying thereby 

f 6. e( n^.w' ) . 

P' 

2- The inequality (4*3«8) in Theoran 4«3»3'can be 
improved by imposing suitable additional restriction on 

CO 

the sequence ^^nP=l * example / let the sequence 

CO 

{ d^} be such that 

( 4 . 3 .1 6) T ^ n+1 ) y n = 1/ 2/ . . . 

b„J.l 3 ' 

n+1 n 2 

Dur to (4 *3 *16) y the function s(j) defined by 
loa(d( j+l) - . -dC 2 )) + log(j+l) 

s(j) = 


j 
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is an increasing function of j and so / for j = 1/ 2/ . 
jj, == X/2^*** 


(4 -3 .17) 


log(d( j+l) ...d(2))+log(j+l) ^ log(d(^+l) ...d( 
j “ 4 


Let t^. be the same as in the proof of Theorem 4.3.3 . 
by using (4.3.17) and (4»3.1l) / we get 


P 

S (10(.t( d( j+l ) . . .d( 2|l+log( j+l) 
j=Po+l 


P 


4 

5 t ( log(d(y+l) . . .d( 2)^+log(r+i)) 
r=l 


4 

2 r+ 
r=i 

log(d(4+l) .. .d(2)+log(4+l) 


4 


Thus / 
(4*3 -18) 


P l/(n +k) 

Tl((n.~n. ,+l)d(n.-n. ,+l)...d{2)) ^ 

irs2 ^ 1 1—X 


t log(d(n.-n. . +1 ) . # .dC 2)-l-log( n. -n. -hi) 
s exrfo(l)+ 


l=Po+l 




log(d(4+l) . ..d(2) + log(4+l) 

^ exp[o(l) + r, J ‘ 


4 


. ./4 / 

2 i)+l o g(4 +1 ) 


Then / 


1 
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Now / by (4. 3 ‘8-* and (4 *3 * 9 ) / we have 


a( 

j — ^ . .iw y 

©r^n +k) 


1 / ( n +k) 

' P ^ (1+0(1)) 


P 

TT ((n.-n. i+l)d(n. -n. , 

j j» JL *“-L •!. **" -b 


l/(n+]<) 

+l)..d(2))' ^ 


Thex'efore f by using (4 *3 * 18 ) in this inequality and proceeding 
to limit / we get 

T (f) ^ (M-+1) ' ( d(iU.+l) . . .d( 2) )^''^- 

which is clearly an improvement of (4.3*7). Note that 
(4.3.16) is satisfied for d^ = n^ / a ^ 1 ^ ~ etc. 


3- If n =0 and (n -n ) = 1 for p ^1 / then 
o p p-J. 

Theorem 4 * 3*3 gives that x ( f ) ^ 2 d„ / a resiilt proved by 

Juneja and Shah [ 4l ] • Infact / our TheorOT 4 * 3*3 shows 

that the bound x (f) ^ 2d continues to hold even under the 

'i' ^ , 

weaker condition lim sup (n -n , ) = 1 ♦ For ~ ^ 

p ^ 00 Jr 

result of Shah [ 80 ] follows from Theorem 4 * 3 * 3 * 


4,4 In rhis section t we study the ^-order (c ‘f ‘Sectj-on 4 *l) 
of an entire funccion in relation to univalent functions with 
univalent Gel fond-teontev derivatives • First we find s 
characterization formula for 'P-order of an entire function 
interms of the coefficients of its power series* Using this 
characterization, an upper bound for P-order of an entire 
function f is obtained when some of the Gelfond-Leontev 
derivatives of f are assumed to be analytic and univalent 
in the unit disc A . 


We prove 
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OO ^ 

Thp.orem 4 *4 -1 Let f ( z) = S a„3 be an entire function 

^ _ n "• ' ' 


n=o 


of W-order P ( • Then 

_ ^ 


(4 .4 -1-* 


log e. 


n 


P^( f ; = lim sup 

n *♦ “ log 1 a 


n 


we need the follov/ing 1 emma • 


Le mma 4*4*1 Let '7 be defined by (1*3*14) • Let 


n 


min 'i''(x^)x~^ / n> o . Then / 


x> o 


n(l-— ) 


(4 *4 *2) 


7 ^ e d 

n n n 


^ "-( n+a) 


Proof * Since non-decreasing / we note that 

for any pair of positive integers b and n / d^ 


1/n 


Loto<w<l • Setting x = wd ' / we get 


n(l-“) -n 

nx^)x:.'" ^ d, ^ 


w " w 'n n (1-w^) 

Choosing w = ( n/( n+a) to minimize the right side of 

the above incr^uality # we have 


y ^ mrn i'(x^)x 

XI ^ T W ^ 

O < W< 1 


t a( n-f^) , 


n n a 

Proof of Theorem 4*4*1 By Cauchy^ s inequality / we get for 
Izl = r 


■h 


^ M(r)r 


-n 


Thus * 



p 


l/i.S 


whore = max 1 f ( z) I . Since f is of W-order P,n( f ) = 

1 zl= r ^ 


i0 


for given £ > o 

I f(ro^®) I ^ 

where- is n constant • Then / for 1 zl = r- 

loni ^ 

Now ' by using Lomima 4 *4 *1 in this inequality / we obtain 

, _1 s 

3 P+£ e(n+P+£) 


■‘n 




e d 
n n 


P+£ 


Since d^ as n -» o=> / this gives on proceeding to limit 


( 4 - 4 - 3 ) 


log e, 


n 


lim sup 
n -» oo logl a^l 


^ P. 


To show that equality holds in (4.4*1) / assurao that 

log e. 


1 im sup 

JT .♦ CO 


'n 


< P 


log I a. 


n 


Then, there exists e positive number P < P and a positive 

1/ P ^ 

integer n^ such that I a„l < e„ for n > n^ . Thus / it 
o n n o 

follows that for 1 zl = r 

n^ 

lf(z)l ^ S la„lr^ + S la^lr"^ 


n=:0 


n 


n=n +1 
o 


n 


<0(l) + 2 


1/P- 


n=n^+l 

o 


n 


1 n 
r 


Choose N( r) = log H/(r^)/logr • It is easily seen that 

N( r) 00 as r-* • Since for all values of k and n / 

^ ,k-n , 

djj. / we have 
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“ « oi 1 /^T (k-n)/P^ 

2 p y- V ^ T ■'In 

n=o n=o ^ ^ 


^/P, 1 /P, oo 

= d^ ®k ^ ("XTp") 

n=o dj/ 1 

l/P^ 

Let k be chcDsen puch that *^t/dj, ■^) < 1 . Then 


( 4 *4 *4 ) 


(k+l)P 1/P 

,n< V, . 

1 /P, 

(dk r) 


Since the left side of (4.4.4) is independent of k/ letting 


k -*■ CO/ we get 


Thus * as n 


n=o " " • 


n=iN(r; 


e„ ^ r = 0(1) • 


Now / 3r) _ q^p(n(j-) logr) = ^'(r . Hence from (4-.4'.3) 

we have 

N( r) 1 / P, „ 

1 f ( s) 1 ^ 0(1) 4 - S e r +0(1) 
i 0(1 ) WC r 1) • 

Since P^ < P and P is the 'i'-order of f / the above inequality 
contradicts the definition of 5 '-order of f. Thus / equality 
must hold in (4.4.3)* This proves the theorani . 


CO n 

4 .4 .1 .bet f ( z) = S a^z be_ an 


entire function 


** W 

of y ~ order P^(f). Let the sequence bn the d efinition 

of i' bo such that log d(n) is the restriction of a slowly 


function on positive integers* Then / 


(4*4*5) 


n logd{n) 

P ( f ) = lim sup * 

n -► CO -logl 



Proof ♦ As log d( n) is the restriction of a slowly oscillating 

function on positive integers we have by ( 3 * 4 . 8 ) / as n -* ■» 

n 

log '\l/e ) = S log d(i) n log d( n) . 
i=l 

Thus / by the above Theorem t we get (4.4.5). 

Rem ark . For d^^ = n / (4.4.5) gives the coefficient 
characterization for the classical order (c.f. Section 1.3)* 


Theo rem 4.4.2 Lvet f £• E(np^. ‘^) have 'i' -order P^(f)' * Lot 
Up ’^p+i P lop d( n) is the restriction of s 

slowly o sc ill ating function on positive integers / t hen the 
'g -order of f satisfies 


(4 .4 * 6 ) 


P^( f ) ^ 


log d(n -n ) 

1-1 im sup ^ — 

p -» <» log d(n ) 

n P 

Proof * Since f e £(np.«») / D P^f is analytic and univalent 

in A r wo have (3 . 3 * 7 ) for 2 ^ n -n +1 and for sufficiently 

p+i P 

large p / 


1 ( n +k) d, * * * d- 1 / ( n +k) 

(4*4.7) la(n„+k)l P ^ (1+0(1) (j^ ~r-) ^ ^ 

P ' * 2 

P 1 / ( n +k) 

X II ((n. -n, , +1) d( n. -n. , + 1 ) * . .d( 2) ) ^ 

* ^ JL JL J. 1 


Further t we have 
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and 


-l/( n +k) 

+k* ‘.’S'* ' ^ ^ (d(n + 2 ) •..d(2)) ^ 

D in 


-l/Cn +2) , 


Using those ino-ju all ties and ( 3 » 4 . 8 ) in (4 *4 . 7 ) , it follows- 

that for sufficient! V large p and 2^ k^ n ,-n +1/ 

pfl p 


l/( n +kJ . V 

(4.4.8) la(n +k)l ' P ^ - 2i l ±o ll . i j : 

P 1/n 

(d(n ) ...d(2)) ' ^ 


X 


.pfl 


i=2 


(n,-n. T)/n^ 
(d(n.-n. ,+l)) i i-l ' P 
1 1-1 


Let # 

Mp = max { log d( n^, -n^_j^+l ) I2 ^ i S P] 

As log d( n) is the restriction of a S.O. function 
on positive integers / by using (3*4*8) we deduce that 

II (d(n.-n. ^+l)) ^ P 

log [ 


( d( n ) * * .d( 2) ) ^ 

fr 

P +1 


-] 


n 


n 


[ 2 (n -rn_^)log d(n^-n^_^+l) log d(i>] 


p i=2 


^ -P +1 


log a(np) 

ir 

Consequently / for sufficiently large p / and 2 ^’"- Vi'V^' 


C np+k) log d( Hp+k) 
-log I a( Up+k) I 


log d(n^j^+l) 


log d(n )- M -log 2 



15 2 ' 


Since Hp as p >» co and log d( n) is the restriction of 

a slowly oscillating function on positive integers / we have 
log d( Up) loa as p-* we get on proceeding to 

limit in the csbove ine.:]Uality 


( 4 -4 * 9 ) 


P/ fJ 


M 


1-1 im sup — , — -' 7 — Y 

P-. CO log^nry 


If M is bound id / thore is nothing to prove • So / let 

£J 


Mp as p • 
For p ^ 2 / let 


and 


log d(n^-np_^j^+l) 
log d(n ) 

ir 


M 


^p " log d( n„) 


But as Mp -* c= / for each p ^ 2 there is some qp /* qp ^ p / 

such that Mp = log dCn^ -n^ -l'*’^^ * Bp ^ . Letting 

p P P 

q^^ CO / we get 


lim sup B ^ lim sup A • 

p ^ CO p ^ CO 

Now on applying the above inequality / the estimate in (4.4.6) 

follows from (4,4*9)^ This completes the proof of Theorcra 4 » 4 t 2 * 

The following corollary shows that the hypothesis 

of Theortsn 4.4*2 can be weakened if/ in particular / = n^ 

some real a ^ o • For an entire function f ( z) = S * denote 

n=o ■ 

D, %( z) = 2 ( ( n +k) . . . (k+l)) ^ a( n +k) z^ * 

1 k=o P ^ 
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n n 

Note that D "f ( 2 ) = D if d = 


if = n^/ a > o 


Co:’, oil a r v 4- [*2 Let f ( z) =2 


— ~ entire fu nction of 


00 

'g- o rder P-,y( • Let {n J ^ a 

p n 


increasing sequence 


of EO^tiVi-. ini,.=aer 2 such that D^Pf Is un i^al _ e . n t in A . If 
log log n /rhen 


( 4 .4 * 10 ^ 


P„,( f ) . 


1-1 im sup. 

p CJ 


log(np-Dp_i) 

log n„ 


Jl J. 

P.roo f » Since D^^^f is univalent in the unit disc A / -the 
inequality in ( 4 . 4 . 7 ) reduces to / for 2 ^k^n^^-np+l and' 
large p / 


I a( ^p+k) I 


Jr 

s (1+0(1)) 


p 1=2 


This inequality is of the form (3*4*'^) • Therefore / using 

the same techni(guo as applied to obtain ( 3 *4^-0) f3rom ( 3 •4*7)/ 


wc got 


J. / V iX TA-V f 

I a( rip+k) 1 ’ ^ ^ 2[ 


hi+l-p 1 ^(n+k) 


l/(n„+k) ^ 


X max { 


^ X 

Up+k -* 

V^p p (n.-n. -t^/n 

^ IT (n -n. ^+1) ^ P/ 

“"p i=2 ^ 


^ / ptl pM (n.-n. J/n_T 

_£±1 “f| (n.-n. T+l) ^ ja 

' Vl i=2 " ^ 
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Thus / for sufficiently large p / 


1 / ( n +k} 

(4.4.11) i a( n +k) 1 ' ^ 


where is a constant • Let 


P 




n^ i=2 


( n^- n^ X ^ 




M 


= max {log( ii^-n^__j^+l ) ’ 2 ^ i ^ p} 


Then / 


log[ 


P_ a(n.-n. T)/n^ 

T I ( n.-n, +1) ^ P 

1=2 ^ ] 

n? 


P 


^ a(Mp-log Hp) . 

Consequently / by (4 * 4 * 11 ) for sufficiently large p # 


( n +k; iog( n +k) log( n ^ +1 ) 

P . ^ .,....£rJ; . 

-logi a(np+k) 1 log Up-Mp-logi^/ ^ 

Since / log Up log np^^ as P we get on proceeding 

to limit in the above inequality 


(4 .4 »12) 


P^( f) ^ 


M 


1-lim sup frt-“ 
00 xog n 


If is bounded / ( 4 * 4 * 10 ) is trivially true* So / let M •* “ 

P Jr' 

as p .♦ cx) . Then / for each p S 2 let 


a: 


and ^ 


log n 


p log n. 


P 
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Since Mp-* ^ as p for each p s 2 / there is some 

gn ' % - ^ = log(n -n ^+1) . Hence B' ^ 

Pi' P qp qp-l P qp 

Lettinq q^^-» =« / v/e obtain 

y 

lim sup b' ^ lim sup <■ 
p -» CO P -» Oj P 

Thus / by ( 4 . 4 * 12 ^ and the above inequality / 


Py(f) s 


logCn -n , ) 

lim sup — 2z±_. 

00 log 


P •* 


This completes the proof of the corollary 


Co roll ary 4*4*3 Assume the hypothesis of Theorem 4 . 4 . 2 * 

If log <l^^p“^p_l^ = o(log d(np)) as p-* «= then P^(f) ^ 1. 

Remark s. For ‘In ^ ' a > o / we get from Corollary .4*4'»1 

and (l* 3 * 8 ) that aA = P^(f) /where A is the classical order 
of f defined in Section 1.3* Thus / the inequality in ( 4 .. 4 .IO) 
in this case r-')duces to 


(4*4*13) ^ ^ log( n -n„ - ) 

a(l-lta sup i^g g" > 

P 00 P 

For a = 1 / (4 •4- *13) is due to Shah and Trimble [ 86 ] . 

We observe that if o ^ P,j,( f) ^ 1 / then Theorem 4*4*2' 

n 

gives essentially no relationship between D and the W-order 
P^( f) of an entire function f * Infact / no such relation 
of this nature exists is illustrated in the following Theoran. 
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Theory 4*4.3 kgt o ^ P ^ 1 * Let { be a strictl y 
i S S. £S ^ S , 4P , Pf .SSfliiSSSS 2£ positive inteCTer!{; • Then / ther e is 
an e.ntire func:y,on h of finite 'g- order P.^(h) = P such that 
i— •SSfii.iZiiiS. iiSil P_Oival ent in A / i_f and only if / n — n^ 
for some p. 

CO 

P^oof . Suppose P > o and is an increasing sequence 

of positive numbers such that log d(n) is the restriction of a? 
slowly Oscillating (c»f. section 3*4) function on positive 
integers and d^-* . Let 



~ fTo # j = n for some p 

2P(d(j+l) ...d(2^^/^(j-n +1) P 


/ otherwise* 


Define/ 


h( z) = S h . z^" * 

j=l ^ 

Then / h( z) is an entire function and 

k log d(k) 
P^(h) = lim sup 


k-* «> -log Ihj^l 

^ n +1 ) log d( n ^ +1 ) 


= lim sup 
p -* oo 


= P 


m. 


p log2+ ^ log( d( n +1 ) . . .d( 2) ) 

H P 


n. 


To show that D -^h given by 

n oo d( n_, +l) . . .d( 2) 

k=l d(np^3^-np+l) ...d(2) 
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is univalent: in A / in view of ( 1 . 2 - 1 6 ) / it is enough to prove 

“ d(n ,+l)...d(2) 

( 4 - 4 - 14 ^ S (n ,-n +1) h(n ,+l) 

^ d( n^+l ) - - . d( 2) h( n^+l ) • 

Now / since P S 1 / w'e have 


d( n^,+l) ...d(2) 


lc=l ' ‘ ' d( n_ , ■, -n +1 ) . . .d{ 2) 


^p+k “p" 


1 ? 1 (d(n +l)...d(2))l-? 

2^ k=l 2 d( np^j^-Hp+l ) . . .d( 2) 

. 1 

(d(n +l) ...d (27 "■ P 

< E 

oP 


■n-t-T 

and so (4. 4 .14) follows- Further * since D ■‘’hCo) = o 


n 


unless n = n for some p / only D ^ are univalent in A . 

ir 


if 


If P = o f we take defined by 


^j+1 



,Pt(d(j+l) ..•d( 2 ))(j_^^^^) 


/ j = n^ for some p 


/ otherwise 


in place of in the power series expansion of the 

function h( z) • 
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Our next theorems shows that with suitable growth 

condition on the sequence ^ it is possible to 

construct an entire function F with a given ^'-order Pm(F)^l 
n ^ 

and having D % univalent in A for p / where P is a 
nat' raJ- nunsber • 


The orem 4.4.4 Let 1 ^ P < 0° . Let fn , be a strictlv 
- p p=l — “ "~ 

increasing sequence of non- negative integer such that 

CO ^‘D4'1 

P = lim inf p . Then / ther e is a natural numb er P 

p p 

and an entire function f of 'i'- order f ) = P such that 

D^f ^ univalent in A if and only only if n = n f or some p / 

ir 

where p £- i P/ P+1 / • • • } • 

13 + p 

Proof * Let = ““ ^ 2 • Let Pj^ be a positive integer such 

ro 

that np4.]_/^p ^ P ^ ^ ^ be such that for 

p ^ P , 

1 - i 1-i- 

(4.4.15) (d(n^T+l) ...d( 2 )> (d(n +1) ..d(2)) ^d( n -n +l)..d(2)- 

P +1 P P+J- P 

Let/ 


J+1 


/ j=np some p ^ P . 

2"°( d( j+1 ) . .d( 2))^/ j-Hp+l ) 



/ otherwise* 


where / is a increasing sequence of positive numbers' 

such that as n - - and log d( n) Is the restriction of 

a slowly oscillating function on positive integers. 
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Deri ne/ 

00 

p( z) = S a. • 
j=l J 

Then / it is easily seen thatF is an entire function of 
_ n. 

W-order = P . It remains to show that each D ^Pis 

univalent in A and / in view of (1.2*16) / it is enough 

to prove that / for p ^ P / 

oo d( n , + 1 ) . . . d( 2 ) 

^ ^P+k“ ^ ^np_^^-np+l) ...d( 2 ) ‘ ^ ' 

^ d( ^p+1 ) - • ‘dC 2 ) I a( Hp+l ) 1 * 

Using ( 4 . 4 ’is) and following the lines of proof of ( 4 . 4 .I 4 ) 
the above inequality is easily seen to be true* 



CHAPTER V 


G-L ABSOLUTE STARLIKE AND G-L ABSOLUTE CONVEX FUNCTIONa 

5 .1 The present chapter is devoted to the study of functions f 

analytic in the unit disc A = {z'lzl < 1} * such that its 

V 

Gelfond-Leontev derivatives D f / k = 0/1/2/ given by ( 1 . 4 . 3 )/ 
satisfy certain infinite system of inequalities- We first 
define two subclasses of the class of functions that are 
analytic and univalent in the unit disc A . 

Definition 5 -1 -1 A function f / analytic in A / is said 
to be G-L absolute starlike if D^f / k = 1/ 2/ • • */ are 
analytic in A and the following system of inequalities are 
satisfied 

00 ID^'^^fCo)! lD^'^^f(o)l 

(S-l-l) Sn j a j ^ j / k = 0/1/2/ 

n=2 '^^2*’*^n \ 

It follows from (5»l-l) that for a G-L absolute starlike 

function f and every non-negative integer k / the image of 

A. under D^f is starlike with respect to the point D''^f(o) - 

Also / it is readily seen that for a G-L absolute starlike 

k 

function f / its Gelfond-Leontev derivatives D f / k = o/l/ 2/ •••/ 
are analytic and univalent in A . This implies that f is of 

CO 

finite ^-type [4l]» Pv considering the function P(z)= z+S a / 

n=2 

where = (1-1^2)^ and taking d^ = 1 / we observe that / in 
general / G-L absolute starlike functions need not be entire. 
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1 >/ n 

However / if ' -*• <» as n -♦ <»/ then f becomes 

necessarily entire (c*f. Section 4*3) • 

■■'Je shall denote by A (d) / the class of all G-L absolute 

s 

v 

starlib;e functions f for which D f # k = 0/1/ 2/ •••/ are entire 

and satisfy the. normalization Df(o)~d 2 _ " ^ 

B (d) denote the subclass of a (DJ consistincf of those 
s s 

k 

functions f for which D f(o) / k = 2/3/ •••/ are real and 


no n- ne g a t i ve • 

Definition 5 •1*2 A function f / analytic in A # is said to 
be G-L absolute convex if Df/ k = l/2/*»*/ are analytic 
in A and the following system of inequalities are satisfied 


/c o') r.2 i D^'^^f(o) 1 

(5 .1 .2) In d . . .d 
n=2 ^2 r 


D^'*‘^f(o) 


/ k = O/ 1/ 2/ 


D^f(A) 


For a G-L absolute convex function f / the image D ivn; 
is. convex for every non-negative integer k. Further / (5.1^2) 


shows that for such functions / f and its Gel fond-Leontev 
derivative D^f / k = 0/1/2/ .••/ are convex univalent in A 


Let denote the class of all G-L absolute convex 

functions for which D^f / k = o/l/2/ •••/ are entire and 
satisfy the normalization Df[o)-<^ = f(o) = o- Likewise / 
let B^(DJ denote the subclass of A^(d) for which D^f(o) /k=2/3/ *••/ 

are real and non- negative. 

Obviously - A^(Dj c For <a„ s n , the class 

A (d) and A (d) reduce respectively to the classes of absolute 

s ^ 

starlike and absolute convex functions introduced and studied 
by Buckholtz and Shah [l*^]* 
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Let 

( 5 . 1 . 3 ) 'i'( z) = S 

n=o “ 

where = 1 / ^ ®n+l''^®n o as n -» =» . 

Clearly / 'i'( z) is an entire function . Let ^ be the real 
root of the equation 

( 5 . 1 . 4 ) ^^(w)-2e^= o. 

Then / it is easily seen that the equation (5.1 . 4 ) has 

/\ 

no other root in Iwi ^ P • 

' ' A 

Similarly t let 0 : be the real root of the equation 

( 5 . 1 . 5 ) w'i'^'(w)+ 'P^(w)-2e^ = o 

Again / it is seen that the equation (5.1.5) has no other 
root in 1 wl ^ 'a • 

In Section 5.2 of this chapter / we derive some 
preliminary results concerning the generalization of AppeH 
polynomials that are needed in the subsequent sections* 

In section 5.3 / we find sharp coefficient bounds for functions 
belonging to the classes A^(d) and A^(d) . Two polynomial 
representations are developed in the process for entire 
functions of finite f-type . Further . we show that certain 
entire functions can be decomposed into sum of two G-L 
absolute starlike or two G-L absolute convex functions. 

Finally / In Section 5 .4 / a simplicial representation formula 
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for functions belonging to the classes B (d) and B (d) 

s c 

are obtained ^ For = n # some of the results of 3ucl<holtz 
and Shah [l7] follow from our results • 

5*2 bet / k =: 1/2/ be the linear functional 

defined on A (d) by 
s ^ 

(5.2.1) U,(f) = 2 - [ 4~(D^“^f(z))] , . 

U-. ^ az z=l 

k 

Since / for functions f in B (DJ # D f(o)/ k = 2/ 3/ ♦ ♦ • 

s 

are real and non-negative / (5.1*1) may be written as 


00 D^'*'^f(o) - , 

V n_ = [ — (D^fCz))] 1 - 

.k+1 


D^'^^f(o) 




D^^-^f(o) 


k = 0/1/2/ 


or 


(5.2.2) 


D^+^f(o) 


- [ § — (D^f(z))] , ^ o / k = 0/1/2/ . 

dz z=l 




Thus / in view of (5.2*l) and (5.2-2) / 


( 5 . 2 . 3 ) S o / k - 0/1/2/... 

if and only if / f e B (d) . 

For the function / defined by (5.1. 3 ) / we define 
the polynomial sequence {Pj^(z)}^^q by the relation 

r Pj^(z)w^ = ’i'(zw)( -W'(w))”^ * 


( 5*2 * 4 ) 



1 64 


The function W( is called the generating 

JL 

function for the polynomial sequence fp (z)}“ . The 

polynomials Pj^( z) are aeneralization of Appell polynomial s 
Pj^( z) (c-r. Section 1. 4 ) • To study the properties of 
tne sequence / we define the sequence 

(5.2.5) S u = (|- -r (w))’^ • 

n=o ^ ^ 

where / * denotes the derivative with respect to w* From (5.2.5')/ 
we deduce the recurrence formula 


(5-2.6) 


n~l 


u 


u = 


= d, / u = S ( n-k+1 ) 


k 


kio 




so that u^ > o for all n . It is easily seen from (5.2.5) 
and ( 5 . 2 . 4 ) that 


(5.2.7) 


n 


p^(o) = , P„(z) = %.k®k^' 


n 


•n 


k=o 


Thus # the Gal fond'-Leontev derivative C)f the polynomial 

p^( 2 ) satisfies the relation 

= P^Cz)- 

We now define the normalized polynomial ^j^( 2 ) by 

P^(z)~P (o) 

p (3) = 


e3_ DpyoT 




n 


= S 

n-k 

k=:l 

U T 

n-1 


®k k 



( 5 . 2 . 8 ) 
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Lot k _ 1/2/.*. be the linear functional defined 


on by 


(5.2.9) 


2D^f(o) 




k-1 


Since / for functions in B^(d) , D^f(o) is real and non-negative. 
( 5 . 1 . 2 ) may be written as- 

.n+k..^_. D^-"lf(o) 


2 n 
n=2 


2 D "f(o) 

d, d„ . . . d 

12 n 


J- dz 




S p’^'^bCo) . 
6 

Thus / in view of (5.2*9) / 


( 5 . 2 . 10 ) 
if and only if / f £ B (d) . 


(f) ^o/ k = 0/1/2/... 


2 if *“1 

Using the generating function ’i'(zw)(^ -(w^^(w))^) / 

, 00 

we define the seguence f^n^^'^n=o ^ 


(5 . 2 . 11 ) 


2 q„(z)w^ = 'i'Czw)(;^ -(w^'^(w))^) ^ • 

n=o 

The polynomials z) are the generalization of Appell 


polynomials (c.f. Section ! . 4 ) • To study the properties 

00 

of the polynomial sequence {'3n^^^^n=o " define a' sequence 

00 

{v„ „ by 

‘ n n=o ■* 

00 « T 

2 V z^ = ( - ( w^^^ ( w) ) ^ ) • 

n=o \ 


( 5 .2.12) 
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This gives the recurrence relation 


(5 . 2 . 13 ) 


n-1 

^ (n-k+l) 


k=o 


‘*2---Vk+l 


so that v_> o for all n. Using (5 .2.11 )/ (5 .2.1 2 ) and 
(3 •2*13/ / wa obtain 

n 
S 

k=o 


(5-2.14^ 

Thus / 


/ qj^( z) = 2 v„ T, e,,z 


k 

n-k • 


”%+i ' 


q^( z) . 


Let Qj^(zi be the normalization of polynomials g^( z) / i.e.. 

, , , 2 ) q„(o) 

(5.2.15) Q ( 2 ) = - f ,, 

n ej_ Dq^(o) 

qn(2)-qn(o) 


®l^n-l 


? ^n~k ®k k 


We now find some prelitilbeg^y properties of the sequence 

of linear functionals ^ relation to 

the polynomial sequences {P^(z)} and [q^(z)} . In fact / 

we show that the linear functionals {U^ and {V^} are 

biorthogonal to the polynomial sequences {Pj^(z)} and {q^^C z) } • 

Using this result / we find that the polynomial P ( z) £• b (d) 

ns 

Q„( z) e B (d) . We also show that the polynomials (P ( z) J 

Xi C 11 

and {QjjCz)} converge uniformly on compact subsets to functions 
in B (d) and B (d) respectively. 
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5-2.1 The line^ functional s /{U, , and {V, }“ 

i2, the sequence of polynomial a £p ( 2 }} 

CO n 

{qn^^^^n=o * 


CO 

n=o 


Proo; 


Por n = 1/ 2/ . . . 


(5-2-16) 




2 D^'^^p^(o) 


^ “ [ ^( D^p ( z) ) ] , 

^ ^ dz " n z-1 


u 


n-k-1 


u 


ro n-k^ 2 , "o 

** X 2 j 3 ^ 4 ” • * # I ( n.“- ^ '■ ' ■" '■■ 'L 

1 2 n— -K: 


u 


'‘ ^-2 

o f 'k. ^ n-1 


-J 


1 / k = n-1 * n =s 1 / 2/ * • 

CO 


“t CO 

This shows that biorthogonal to ^Pn^^^^r-o * 

Similarly / we have the biorthogonality relation 

CO 

concerning the sequence of linear functionals ^ \ and 

CO 

the sequence of polynomials ^qn^'^^^ntso follows ’• For 


ri ~ 1 / 2 *^ # • • 
(5-2-17) V,. (q^) 


aD^'^^q (o) 


M- V = a, " -[ 

-(2 +...+( n - k )2 ) 

'’l '^‘^2 ‘\«2-"Vk 

o / k n-1 


1 / k = n— 1 f n = l/2/*-- 

This completes the proof. 
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Theo rem 5 • 2 • 2 For each positive integer n / the pol vnomi al s 
P ( 2 ) £ t 2'^*-P„(z) £ A_(d). Similarlv / Q_( z) £ 3 _(d) 

13, S ii S ' ■ ' Xl c 

and 2z-Qj^( z) e A^(d). 


Proof. By (5.2*8; / 


U, , , ( P ) = 






■v+l' n' - ^ , s "k+l'^n 

Thus t from (5.2-16; / v/e get for each positive integer n 

/ k n-1 

Ut,.. ( P ) = 
k+1 n 

/ k = n-1 / n = 1# 2/ 



which implies that ^o . 'i'herefore / in view of 

( 5 . 2 . 3 ) / P ( z) £ 3 (d). Since P^( z) / by (5.1.1) / it is 
clear that 2z - z) ^ A^(d) . 

Also / by (5.2*15) 

\ 

"^k+l ^ ^n ^ " qn_i ^ 0 ! ^k+1 ^ ^n^ * 

Hence from (5*2*17) / we deduce that 


/ k / n-1 


, (C ) 

k+1 n 




T 

q„ , (o; 
"n— i 


k = n-1 / n = 1 / 2/ 


Thus # V, (q ) and in view of (5.2.10) / the polynomial 

KHhl n 

Q ( ^) t B ( d) ♦ Purthsir / by using (5^1*2) / it is irnmecxiatB 
n 'c 

that 2z-Qj^( z) t A^(d) # 
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Define the function F ( 2 ) and F ( z) by 

s c ** 

(s.2-18) p (z) , F (z) = 

where p is the real root of (5»1.4) and oc is the real root 

of ( 5 . 1 . 5 ) . Clearly / F ( z) t B (d) and F ( z) t. 3 (d;. 

s s c c 

We now prove 
Theorem 5.2*3 have 


lim z) = ^'g( z) and lim Qj.( z) = F ( z) 
uni fomlv on compact sets where / F ( z) and F ( z) are 

mwr.ii ..n ■ S mmmmmmmm Q " "* 

defined ^ (5 .2.18) . 


Prop f . We prove a general result - Let ? be analytic at 
each point of a closed disc Iwl ^ R / except for a simple 

CO 

pole at tho point w = Wq# o <IwqI< R* Let {^ 5 ^( 2 ) 
be the polynomial sequence whose generating function is 
$ ( w) 'i’ ( zw) / so that 


(5-2 *19 ) f ( w) 'i'( zw) = S a ( z) w^ / 1 wl < Iwl* 

n=o 


For n ^ 1 / let 


( 5 . 2 « 20 ) 

From (5.2.19) 


a„(z)-a„(o) a (z)-a_(o) 

^ / >1 ro n n n ^ 

/we obtain the integral representation 

?(w)’^(zw) 

/ ^ _ _1 / 

aj^^ 2 ^ - 2 7 Ti , _ n +1 

1 wl =6 w 


dw 



170 


which is valid if o < 5 < Iw^l . Now / on applying 
Residue Theorem to this / we get 


( 5 . 2 . 21 ) 


an(z) 


w, w^z) 
1 o 


n+1 2”^ i 


I 

1 wl 


§ ( w) 2w) . 
n+i 


where Wj = lirn (w^‘-v7)f(w) » Let 


w w 


-mo/ 1 ? ( w) 1 ^ M , 
I xvl =3 R 


Then / from ( 5 • 2 • 21 ) / we obtain 


• W ! -1 

I a ( z^ w^"^^ ~ w, 'i'^( zw) I ^ MH( ■■■jp-.) WCrI zI ) 
no 10 K 

This gives the asymptotic estimate 


(5.2-22) 


a„(z)w;'^^ = w, ^(zw) + O(e^) , n - “ 
no i 0 


I w^ J \ 

where t = "g- -- • ihe estimate (5.2.22) holds uniformly on 

R 

every compact set* Setting z = 0 in (5.2.22) / we have 


(5.2.23) 


a^( o) WL 


= w^ + 0( e^) t 


Using (5.2.20; and (5.2.23) / we get 


( 5 . 2 * 24 ) 


A (z) = ---^(4 '(wlz)- 1) + O(e^) , n>* 


The estimate (5-2-24) is uniform on every compact sets* 
Now # we consider two special cases? 


1 ^ 

(i) »(w) = (i- -■i''(w))"'^. Then / in this case w^ = P and 


A (z) = P„(z) / so that by (5.2-24) 
n n ^ 


1 im P_( z) 
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uni fc> xnTi3-y or compucu s6ts* 

(ii) Let 55 (w) = ( I- -(w'f'(w))') 




^and A^U) = 0 ^( 2 ) . Therefore by (5.2.24) ^ we b. 


- / , ^'(azl=?. 

Ixm U ( zJ = ■“ A 

n-. oc.- ^ ej_a 


uniformly on compact sets. This proves the theorem 5.2.3- 

, . ,(,,) - I 2 r(w))~^ ' we have w = P ahS 

Rent ark . For ^ o 


aAo) 

n 


( 5 . 2 . 25 ) 


Thus / from (5.2.23) we get . 


lim u^(p) 
n 


^^n+l 


1 


i ^ - (2— ( it'?'' ( w) ) ^ ) ”^ • we deduce 

Similarly - for «(w) = 

* , (o) = V - Thus - hy (5-2.23) ' 

that Wq = “ n. 


(5.2*26) 


/Asn+1 
lim V (a; 
n-* cy 


0 . 

2'?"(^)+^^'"(^) 


. .3 The main purpose of this section is to find the sharp 

coefficient hounds for functions belonpin, to the class 

it follows that functions 
nnd A (D) . As a consequence / it foil 

^ , , „.f: finite ^'-type . Two polynomial 

in A (D) and A^(DJ are of finite type 

® ur ’ none finite '?-tvpe are 

respresentations for entire functions o. finite . 

-further show that certain 

developed in the process- We further c t h mute 

„ can be decomposed as the sum of tv» G-L absolute 
entire functions can be ae 

i. ^ r T absolute convex functions, 
starlike or two G-L absoiuT;« 

we need the following lemmas • 
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Lemma 5 .3 *1 Every entire function f with ^- tvpe les s than 




P has a polynomial expansion of the form 


(5 .3 *1) 


where 3 ^ the '^eal root of the erruation (5*1 •4-' • ^ 


f ( 2 ^ = S U^( f) p ( z) 
n=o 


are defined by ( 5 . 2 *1 ) and 7 ,)* s are given by (5*2*7). 

A 


Proof ♦ Since f is of ’i'-type less than P / we have by (1*4*11) 

( 5 . 3 * 2 ) 


f ( z) = S 
n=o 


where 


n 


w 


^ n^ 271 i 


P 2e^-5'^(w) 


f ( v/) dw 


A 


I is a circumference 1 wl — with < 3 op which 


( 2ej^-4'^ ( w) )”^ ^ o and f(w) is the Laplace transform of f( z) * 


Now / for k = 0/1/2/ * 
(5 *3*3) 


oyhis i ^ 3 D>^+if(o) 

di (k+l)! 


and 

( 5 * 3 * 4 ) 




^ n ^n+k* ’ A n+k) / ^ n 
2 — 7 ~ (.07 * 


n: 


‘ ^ ( n+k)! 


But / from (1*4*5) / we have 

1 


:( z) 


A. 


o jz -i ^ 2 w) f ( w) dw * 

2 1 p 
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This gives for n = o/l/2/*.. 




( n+k) ! 


271 i(d- . . .d ) 1“ 

i n+k 


t w"’'f(w)dv, 


or/ 


'\”‘'^n+k .(n+k). ^ 

“THTi^rr ^ 


^ r 7 ^(w) dv; , 


2 71 i 


r 


Thus / ( 5 . 3 * 4 ) can be written as 


( 5 . 3 . 5 ) r |^(D^f(2))]_T = S 


n 


n=l '\a2---'Sn r 


^ w) dw 


1 f k+1. n n-l\A, s 

= 5in p " 

= d™ . ^ C 2e, “ ( w) ) ^^(wJdw 

2 /C 1 p 1 

Now / by using (5.3*3) and (5.3*5) / we obtain for k = 0/1/2/.** 

k+1 /\ 

( 5 . 3 * 6 ) U^,, (f) = £ |p;j-f(w)dw 


k+1 


2 TT i 


r 


where A( w) = ( ( w) ) * Thus / for k = O/l / 2/ * • */ 

and hence (5.3*2) gives 

00 

f(z) = S • 

n=o 


This proves Laama 5.3*1* 


Remarks 1 * Let f be an entire function with 'J^-type less 
than ^ and f(o) =0* Since / by (5 .3*1) / 


= f(o) = S 
n=o 


o 
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we have/ by using (5.2^8)/ 


(5.3-7) 


f<z> Vf)<Pn<->-Pn<°” 

n =:0 


CO 


2 U (f) 

^ n 

p ( z) 

n=l ^ 

n-1 

n 

CO 



2 U , 

(f)u 

P 

n=o '^+1 

n 

ntl 


2- The representation (5.3*l) is not valid for antire 

A, 

functions with W-type P • To see this f consider the function 

F ( 2 ) = ( w( p'2)-l)/en t / which is entire with '?-type t* Further/ sine < 

s 

= 2ej^ / for n = 0 / 1 / 2 / 


(o) 


u 


n+1 


(p,) = 2 ■■ ' 




^n+1 


= o . 

Thus / the representation (5.3*l) is not valid for F ( z) •- 

o 

Next / we find a representation formula for entire 
functions with l-'-type less than a in terms of the polynomiel 

CO 

sequence z) J^-o* 

Lemma 5-3-2 Every entire function f with '^- type l,e^ than 

^ has a polynomial expansion of fo..rm 

00 

(5.3*8) f(z) =S V^U)q^(z) 

n=o 

where a is « 2 e root of ^ equation (5 -1-5) ^ / q^^( z) 

defined by ( 5 • 2 *9 ) and (5-2 *14 ) respectively * 
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Proof. Since the entire function f is of 'P-type less chan 
a / we have by (I. 4 .ID 

(5S .9 J 
where 


:(z> = S I', (f)q^(z) 
n=o ^ 


(5 .3 .10) 




n 


w 


2e£(wr (w))' 


/\ 

f ( w) dw 


A 


and f is the Laplace transform of f(z), ]” is a circumference 
I wl = Pq ' ^ which 2ej^ - ( w'i'^ ( w) ) ^ ^ o * 

For h = O/ 1 / 2/ . • • / we have 


d" f m ^ "I __ ^ ^ *^+2 


(5.3-11) [^(D^f(z))] ^1 = 2 

az ^ 




^k+ 2 '^^*^ 


^k+ 3 '*'"* 


d^d 2 - 1 " 2”3 

Now / following the same lines of proof that proved (5.3-6) 
and by using ( 5 . 3 -3) / (5 .3 . 4 ) and (5.3.11)/ we obtain for 




S n' 
n=l 




. . .d 


n+k 


d. 


n ■ 


- . .d 


V 2 ^"'"n+k f 
n=l 


n+k 
( k+n) 


(o) 


( n+k) I 


00 2 

S ^ 


j , , ^ w^ f ( w) dw 

^^1 dj^...dn 2^1 |- 

-2 _ , 

' ) f ( w) dw 


1 /„^+lr ? ■ n^- , n-l^^, 

- - J w (> i 3 w 


2 TT i 


r 


n=l 


*..d 


n 


"• iL-T ^ ( w) ) ^ ) f ( w) dw 

2 Tt X j- d^ 
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Thus • tor h = 0/1/2/.-. 






30 ■^^h.ct'b 


f(z) =1] V^(f)q^( 2 ) 


n=:o 


This completes the proof of Lemma 5-3.2. 

Remarks ' 1. ret f be an entire function with 'i-type less than a 
and f(o) = c - Then / by (5- 3 *8)/ 

00 

f(o; = 2 V„(f}q (o) . 
n 


n=o 


This gives by using (5.2.15)/ 

00 

(5*3^12*) f ( z) = S f ^ ^ 2 ^ o) ) 

n=o “ 

00 

' Q^(z) 

00 

2* The representation ( 5 . 3 . 8 ) is not valid for 
evejry entire function with ^-type o' . To illustrate this / 
consider the function ^(^(z) / given by 

p ( 2 ) = 

where a is the real root of the equation given by (5.1.5) - 
Clearly / R ( z) is an entire function with 'P-type a . However / 


D^'^^P (o) 


n+1 c 


2 - 


uz 




2 


5S O ^ 
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Therefore / the representation (5. 3.-8.) is not valid for F ( z) • 

c 

:7or:t / we find the sharp coefficient bounds for 
function'-; belonging to the classes A^(d) and A^(d) respectively' 

Theorem • 3 •! Let m a positive integer greater than 1 . ^ 

f ( z) = z + L belongs to A^(d) / th'en 


u=. 


u 


(5 .3 *13) 


o 


' ( d„ * • •d„-'u 


Eguality hoi ds / if and only 
Further / if f t ( d) / then 


2 m m-l 
lIv if t f = given by (5.2«8) 


(5.3*14) 


^ ( d» • • .d^) v_ , ’ 
2 in m-l 


E quality holds if ^ only if f = / given ^ (5.2.15) 


Proof . Let rn be a positive integer greater than 1 and suppose 

r ( 5 .1 .1 ) / th 
m D'^f(o) 


that f e A (d) . Clearly / by (5.1.1)/ the partial sum 

s 


f_( z) = z + S 
m 


n 


_ dn • • * d 

n=2 1 n 

belongs to A^(d) . Therefore / 

ID^f(o) I 


iU 




n 


'n 


belongs to L (d) and satisfies = IEpf(o)l • Further / 

s A 

g^(z) is an entire function with W-type zero, i.e./ less than p 
Since # U^(g^) =0 for n S m+1 / using the expansion formula 
( 5 . 3 . 7 ) for f = / we obtain 
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(5 .3*15) 


%(2) = 


CO 

s u 

n=o 

m-l 




®1 


s 

n=o 




u, 


n 




since lig^ioj = and ^^^+1^*^^ = / taking the Gelfond-Leontev 

derivative ixi (5 .S.IS^ and setting z — o in the resulting 
equation r wo get 



m-l 

S 

n=o 


U 


n+1 




u 


n 


The numbers * o ^ n^ m-l y are non- negative /therefore 

Again / taking the Gelfond-Leontev derivative in (5.3*15) 
m times and setting z = o / we have 




l'""^ 


= ( QL ) u. 

m 


lPp (o) 




ePp (o) 
m 


u 


rd2---^)u^_i 


This gives the estimate (''.3*13) • The proof of (5.3'.l4) 
follows by using the representation (5»3»12) and by following 
the same lines of proof that proved (5.3*13) • 


3y Theorem 5.2.2 / the polynomial ^ 

Q„(z) e B (d) . It is easily seen that equality holds in 

c 

(5.3.13) and (5.3.14)/ respectively / for the polynomials 
Pjj( z) and Qj^( z) * 
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9 , *^ * -• if f ^ d) ! then f i s of finite 5 ^~tvpe 
A A . 

3 S 0 , 9 .§.'£ ^ lIid.”£S ' P is the real root of the equation given 
bz (7 -1 *4^ ' 

■%OQf * o’.n.cg f e 9 ave from ( 5 . 3 « 13 ) for n = 1 / 2 /** 

:)^f(o)i — . 

’■^n-l 

ConsO'-fU-ii'tl / by ( 5 . 2 * 25 ) * 

1 . A 

lim sup iD^tCo)! ^ P 

n -» 00 

Thus / in view of ( 1 . 3 J 5 ) / f is of 'P-type atmost ^ • 


Co roll try S • 3 . 2 f t ( d) / then f is of W- tvpe atmost 

whorvi / oc i^ the real of the equation given by ( 5 .1 - 5 ) . 


Proof- Froi'u ( 5 . 3 * 14 ) / we get 


D^f(o) ^ 


V 




V 


n -1 


Then / by using ( 5 . 2 * 26 ) / we deduce that 


1 /n . 

lim sup lD^f(o)l 
n -*■ 0 ° 


Thus / in view of ( 1 . 3 . 1 ^ / f is of 'i'-type atmost a • 

Remarks 1 « All entire function with finite '?-type need 
not bo G-L absolute starlike / the function 


00 ^ 1 

F( z) = z + ^ (- 1 ) a d . * .d ^ 
n =2 A 2 2 n+l 


2 n+l 


where ■* as n -*■ ^ is entire with If— type 1 but is not 

absolute starlike. 
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Theorem 5.3*3 Every entire function f satisfying ( 5 . 3 *1 6 ) 

^ ^^P-ssse d as the sum of two G-L absolute starlike 
functions* Every entire function f satisfying (5.3*17) can 
be expressed as tne sum of two G-L absolute convex functions * 

To prove this theorem / we need the following result 
which we state in the form of a lemma* 

Lemma 5*3*3 [l7]* E ^ denote the family of power series 

f(z) =2 satisfying la^^l i where / ~ - 

n=o 

seguence of positive numbers * Let the subclass of M 

for which I a^^ I = / n = or 1 / 2/ * • • ♦ Then / for every f £ M 

f ( z) = ^g( z) + ^h( z) 
where g and h are functions in * 

00 

Proof of Theorem 5-3*3 Let fCz) =2 a- z be any entire 

n=o 

function satisfying (5*3*16) * This implies that there 

exists a positive constant such that 

(5-3*13) lD"'^f(o)l n = 0/1/2/.*. * 

^ n * / \ 

Let m^ = kj^ and m^ = k^ 3 %***'^n * n = 1/2/ *** * Then / 

by Lemma 5*3*3 / 

CO ^ OO rv^ 

jzi- ^ s? In n,l“, n 

^ ^ ~ 2 ^^^n^ 2 ^ 

n=o n=o n=o 

= |'g( z)+“:h( z) 

where Ih^l = ig^l * 1 = Ih^l = k^ p /( dj_ * . -d^^) / n = l/2/** 
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Nov/ / in viciw of (5.1 •!) and the fact that ( p) = 28^^ / 
the function g( z) and h( z) are G-L absolute starlike* This 
proves the . . _ - _ first half of the theorem* 

On replacing^ by in (5*3*18) / applying Lemma 5*3*3 
and following rhe same lines of proof / the second Part of the 
theorem follows- This completes the proof of Theorem 5*3 *3* 


Remarks 1 • Let f be an entire function * If 


(5 .3*19) 


lim 

J ->CO 


D^f(o) 

V 


o 


then for infinitely many k / we have 


^k+1 



D^'^^f(o) 

An+k 


Since ^'"(P) 


2e, 


/ for these integers k / we deduce that 

oo lD''+^f(o)t lD^'^lf(o)l 
n=2'' " ~ ' 


This implies that D f(A) is starlike with respect to the 

k 

point D f(o) for infinitely many k * Observe that (5*3*19) 
holds for every entire function with I'-type less than P . 


Similar is the case for convexity. If 


(5 *3 *20) 

then D^%(A) i 
(5*3*20) holds 


1 -! L^’f(o) 

lim = o 


-f A i 

a 


s convex for infinitely many k* 
for every entire function with 


We note that 
S'- type less 


than a 
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2» The subclasses B (d) and B (d) are clearly convex* 

s c 

However / this is not true for the larger cl asses A^(d) 
and A^(d) . To illustrate this / let the functions P 

and G be defined by 


rt ) ■ 2 ^2 3 

and 

f ' ^^3 2 ^2 3 

= 3 - (7d^^:3^2 + * 

Clearly / by (5.1*1) / F and G belongs to A (d) * But / 

s 

tF+(l-t)G fails to belong to A ( D) for every t in (o/l) * 

s 

similarly / if we define the functions Fq and G^ by 

4 d 2 'io 

F^(z) = z + (Ted^+gd^) ^ ri'ed^+^d^) ^ 

4d 2 ^9 o 

^ - Tl6 d79dp ^ 065793^)^ 

then F and G belong to A^(d) but tF +(l-t)G / A (d) 

for every t in (o/l) . 


5*4 in this section / we find the simplicial representation 

formulae for functions belonging to the classes B (d) and B ( d) . 

s c 

We need the following lemuria • 
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Lemma 5 .4 *1 1; 
(5 . 4 . 1 ) 


to B ( d) / then 

— 3 — 


bel o no s to ( d) / 


00 


then 


CO 

Proof* Suppose f £- B_(d) • For each k ^ o / 


we have 


(5*4-3) 






(o) y ( I'-k+l) 


j =k+l -k+1 


Then / by using (5.4-3)/ 


? ( £) u, = " S u, 1 J : rmL ... ,( o) . 

k=o ’"+1 k=o ^ k=o ’"j=k+l • • "^J-k+l 


Now/ 


j=k+l ‘\‘“^J-k+l 


n 00 /’ 1 .i \ •,! -.T min{ n/ k-1} , . , , . ^ 

S S . Ij ni itl i-... DJ+lf(o):.S DJ+lf(o) S -lids+n^ 

k=o j=k+l ^•••'^J-k+l j=l k=o ^•••‘lj-k+1 ^ 

Spliting the sum on the right hand side of the above equation 
at j = n / we obtain # in view of tlie recurrence formula (5.2-6)/ 

j=l k=o ^l*** Vk+1 J=n+1 k=o %“*^j-k+l ^ 

^ 2 e£^ifi2lu. 4- 1 DJ+lf(o) S u^. 

i=l ^ i=n+l k=o %***^i-k+l ^ 


j=n+l 


k=o "^1 ^i-k+1 


Thus/ 


^=o ’'+1 *L j=n+l k=o a-"‘5j-k+l 
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This proves (5.4*1) • inequality in ( 5 . 4 * 2 ) can be proved 

by using (5.2.9) and following the same lines of proof that 
proved ( 5 .4 .1 ) • 

l/'J 3 no w pro ve - 

Theorem 5 -4. #1 If f B (d)/ -then 

S — 

oo 

( 5 . 4 . 4 ) f(z) = e^s(f)p_^(z) + s U^+j_(f)u]^ \+l ^ 

h—o 

where / 

ou 

S(f)=.d^-2 

Jc=o 

The expansion is valid for all z and the convergence is uniform 
on every compact set * 

Proof . Set * 

( 5 . 4 . 5 -) P(z) = 6^ S Uk+i(f) ^k+ 1 ^ 2 ^* 

k=o 

Then in view of Theorem 5'. 2*3 and (5.4*l) / the series in 
(5.4*5) converges uniformly on compact sets* Further / we have 

IF(z)l s f 

where Kj^ is a constant- This gives that F( z) is of W-type 

atmost • Since f belongs to B (d) f by Corollary 5.3*1 / f- 

A 

is entire function of W-type not exceeding p . Therefore / 
the function 


( 5 *4 * 6 ) 


g( z) = f ( z) ~f( z) ■ 
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A 


is an entire function of W-type atmost 3 • Since / by (5.2' 

) / k /( n-^-l) 


U ( P, ) =< 
n+1 k 






k-1 


/ Jc = nf-1 / n = l/ 2/*** 


on applying the linear functional U^_^in (5.4*'^) / we obtain 


u , T ( g) = o t n = 0 / 1 / 2/ • • • 
n+1 

/\ 

The function 2e^ — ’i'^(z) is regular in I zl ^ P and has only 

one simple zero in I zl ^ • Further / since g is an entire 

function of W-type atmost P / we have 

1 

lim sup ID^g(o;l^^ $'• 

n CO 

Thus / in view of Perron s theorem [6lJ we deduce that 
Dg( z) is a constant multiple of Pz) » That is t 

Dg(z) = Cj_ n^z) 

where P is the real root of the equation given by (5.1 . 4 ) • 
Since / 

Dg(o) = Df(o)-DF(o) 

= s(f) (say) 


and g(o) 

(5' Ah) 


o / we must have 


a(z) = 03 ^s(f) 

ej_p 


e^^ s( f ) z) • 


16 ) 
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Now / combining (5 . 4 *6) and (5‘.4*7)/ we get ( 5 . 4 . 4 )- This 
proves the theorem. 

Co roll arv 5 .4 *1 ^ f £ A ( D) , then for I zl = r 

S r irill* 


2r-sup{ 
Proof. Let 


P (r)/ P„(r);n=l/ 2# .. I f( z) I ^ 
s n 

CO 

f ( z) = 2 r -f S be in A (d) . 

n=2 ^ ® 


f( z) 1 ^ r + S 
n=2 




n 


= r + I r” 

n=2 ^ n 


sup {Fg( r) / Pj^( r) /*n=1.2f .J 
Then for ! zl = r 


Since f £ A ( d) / the function 
s 

/ N . ~ iD^f(o) 1 n 

g( z) = z + S TTTTT^ 

n=2 ^ n 

belongs to B^(d). Therefore / from"' (5 .4 * 4 ) # we have for Izl- 

!g(z)l^ sup {F (r)/ P„(r)# n = 1/ 2/ • • . 

S Xi 

Thus / by using this / we get for functions in A (d) / 


= r~ 


( 5 .4 *8) I f ( z) I i sup {P ( r) / P ( r) / n = 1/ 2/ • . • } . 

S I* 

To obtain the lower bound of ! f ( z) I for fin A (d) / 

s 

we observe that the function F( z) = 2z-f ( z) belongs to A ( d) . 

s 

Therefore / 


lf(z) I ^ 2lzl-IP(z)l . 


Applying (5-4.8) to the function P / the above inequality' 
yields for Izl = r 

(5 . 4 - 9 ) I f ( z) 1 ^ 2r-sup { F (r)/ P-i^i^) ^ n = 1/ 2/ • - - 

O Ai 

This completes the proof of Corollary 5 .4 •! » 
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Remark . Theorem 5 *4 *1 shows that the class B (n) 

s ^ ^ 


infinite dimensiorial simplex whose 
the polynomial s ^n=o ' 

The next theorem gives the simplidal 
form.ula for functions in the class B^(d). 
Theorem. 5.4 *2 if ^ to B^(d)/ the.n 

(5.4*10) f ( z) = e^C(f) F^(z) 


is the 


vertices are p ( \ 

s'- zi and 


re Pres 


'sntation 


On 


^ V .-.(f)- 


where 


n=o 


n+l ' - ''n C 


C(f3 = ej^ 


n=o 


The expansion is v alid for an z ^ ^ converr 


is uniform 


^act that the 


r' 


on e very com Pact set _ 

Proof . The proof follows by using ( 5 . 4 . 2 ') and the 
function 2e^-(w'J''(w))^) has only one zero in the 

3C 

1 zl ^ cx / wh-cire ^s the ireal root of t*h» .l,* 

the equatxon gi^^^ 

(5 .1 . 5 ) . 

Corollary 5.4*2. if f belongs to A^(d) , then for I 
2 r-supiF^(r)/Q^(r)/ n = 1,2/}^ lf(z)l^ sup{F (r),Q ( ^ 

^ n'‘tJ/m=l/ 2/ . . .} 

Proof. Since / from (5*4.10) , functions f in B f 

^n) , 

wa have for I zl = r 

lf(z)l ^ sup iP^(r), Q^(r) ; n = 1 , 2 . .. 
the proof follows by using tha same lines o 
Corollary 5. 4*1' 

Remark . Theorem 5.4*2 gives that the class B (d) • 

o S 


•} 

in 


infinite dimensional simplex whose vertice; 

CO 

the pol ynomi n s { z-> } . 


the 


s are P ( g) 


and 



CHAPTER VI 


COEPPI-v^IjiNT ESTIMATES FOR GENERALIZED SPIRALLIKE 
FUNCTIONS AND RELATED FUNCTION CLASSES 

6.1 The definitions of starlike functions with respect to 
symmetric points and spirallike functxons (cf. Section 1 - 2 ) 

motivate us to introdu^^e ^ ^ 

uu_e analogous classes of analytic functions 

related to Gel fond-Leontav derivatives. In this chapter , we 

are primarily concerned with the study of coefficient founds 

of functions in such classes- 

Definitxon 6.1.1 A function f e H is said to be Generali 7 :Qd 
\-. S . plrallike f unction of order <r jafUl respect to N-svmmatrlc 


points ( 1 kl < t/2 / o ^ a ^ 1 ) -i -p t^p( 1 ,• nr...* 

^ ^ i£ Lf C z/ r s analytic m and fo^ 


( 6.1 . 1 ) 




where %( z) is given by ( 1 . 2 . 2 O). 

We denote the class of Generalized \-spirallike 

functions of order a with respect to N-symmetric points by 
Sj^( k/ N/ a) . 

For dj^ - n / S^(hrl/o) is the class of k-spirallike 
functions introduced and studied by Spacek [lOO ] . similarly 
for djj = n , Sj^(\,l,a) is the class of h-spirallihe functions 
Of order u studied by Libera [SO] and Sj,{o,l,a) Is the class 
of starlika functions of order a (o . f . ( 1 . 2 .I 4 ) ) . For <3 5 n . 

the classes Sjj(o.N,ct) and Sjj(k,N,a) are recently studied in 
[ 20 ], [ 99 ] and [67], 
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Replacing z by 2/ • • z in (6.1.1) and adding 

the N equations / we have 

Df-^( z) 

Re { e z •' — r} > acosX 

dj_f^(z) 

which implies that z) ^ Sj^(A./N/a). 

CO 

D efinition 6.1.2 A fun ction f ( z) = zf + S a z £• H is said 

n=k+l 

to be Generalized A.- sPirallike function of order a if Df ( z) 
is analytic in A and for z-£ A and 1X1 < n/2' 


( 6.1 . 2 ) 


n r 

Re { e z 


Df( Z-) 
d^ f ( z) 


} > acosX 


We denote the class of Generalized X— spirallike functions 

oo n 

f ( z) = z + 2 a 2 ^ of order a by S (?wa) and observe that 
, n=k+l ^ ^ 

S^(X/a) = S^(X/l/a) . 


Generalized X-spirallike functionsof order oc = o 
are called Generalized X~spirallike functions • With and 

for different values of the parameters ?V/ k and a / this class 
includes several known subclasses of univalent functions studied' 
in [50]/ [I00]4l0l] , 

Now/ we define a subclass of S^(X/a) consisting of 
functions f for which zDf( z) /d^f ( z) is bounded. 

Definition 6.1*3 A function f ( z) = z + S a z^ £ H is said 

n=k+l ^ 

to be Generalized X- sPirallike function,, of order a and type 
3 / if Df( z) is analytic in A and satisfies the condition 
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( 6 * 1 * 3 ) 


zDf ( z) 

dj^ f( z) 


-1 


■l< 1 


-i+d-'^icosAe-i^i - (pffl -1) 

for 1 XI < 71/2 io£(X<l/o <j3^1 and z £ Denote by / 
Sj^iK/CCf^) xhe class of Generalized \-splrallike function of order 
a and type P* 


We obseir/e that if f satisfies (6.1. 3 ) / then the image 
of A underZDf ( z)/dQ^f ( z) lies in the disc with centre 

l-( 2 P-I) ( ( 2(3-l)-2P(l-a)cosX)-iP( 2 P-I) (l-a) sin2V<^l-( 2P-l) ^ ) 
and radius 

2 P(l-a)cos?v 41 -( 2P-l) X 

For dj^ = n and different values of the parameters a/8/k and h / 
the class Sd( h/a/0) includes several recently well studied 
subclasses of univalent functions ( [ 27]/ [ 40 ], [ 48 ] / [ 50 ] / [ 53 ]/ [ 58 ] ) . 

Section 6-2 deals with the determination of the coefficient 
estimates for Generalized X- spirallike functions of order a' with 
respect to N_symmetric points . We also find the influence of 
the fixed ( W+i ) th coefficient on the growth of other coefficients 
for functions belonging to this class. The coefficient estimates 

00 

for functions f ( z) = z + S a„z^ in the class S^A/a) are 

n=k+l ^ 

found in Section 6 . 3 . This section also contains the study of 

the effect of the coefficients on the bound of other 

k 

coefficients of functions in Sj^(X/aJ. For k = 1 , this reduces 
to the investigation of influence of fixed second coefficient 
on the ronaining coefficients of f. Finally in Section 6.4 / 
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the coefficient bounds for Generalized A.-spirallite functions 
with gaps h and having order cc- and type P are found* 


6*2 This section deals with the determination of coefficient 
bounds for functions belonging to the class of Generalized 
A-spirallibe functions with respect to N-symmetric points* 

We also study the influence of the fixed (N+l)th coefficient 
on the growth of the other coefficient of Generalized X-spirallih 
functions with respect to N-symmetric points * 

We prove 

oo „ 

Theorem 6*2*1 Let f (. z) = z + 2 a z £ S^^CA/N/a) . Then / 

n=2 

nvil t 2dj| (l-a)cosAe"^^+(d.jj_^,-dj^) I 

(6*2*1) 1%N+1* ^ T~ i 

^ ^( ( j+i)n+i)"'^ 


and 

( 6 * 2 * 2 ) 


^N+p 


I ^ 


2dj_(l-a)Co5A 


m 


2d^ (l-g) cosAe~^^+( ^ 


mN+p 


j=l 


H j 


N+1 


)-^ 


for m = 1/ 2/ * ■ */ P = 2/ 3' -M ‘ 


Proof* Let / 

( 6 . 2 * 3 ) w( z) 


e 



zDf ( z) 
d^ f^( z) 


- 1 ) 


.. zDf(z) . 

e — + (e“ -2acosA) 


00 

s 

n=l 


w^z 


n 


Since / f £Sj^(A/N, a) 


we have 


Re( 


Df ( z) \ 

z) 


> acosA-Therefore/ 



I w( z) I < 1 in A . We rewrite f z) given by (l. 2 » 20 ) as 


z) - z + H 
n=:2 


n 


where# 


( 6 . 2 . 4 ) 


, r 




1 / n = hP-hl / P = 1# 2/ 


o / otherwise - 


Clearly ' 63^ = 5 ^^* 

Now/ ( 6. 2 *3) gives 

zDf ( z) -d^ z) = [ zDf ( z) +d^ z) ( e ^^^-2occos?^e ^^)]w(z)* 

Replacing f ( z) / and w( z) by their power series^ 

representation in the above equation / we obtain 

CO 

(6.2.5) J (< 3 n- 6 „ai>a„z" 


n=2 


[ S { d H-d, e“^^( e~^^- 2 acosh) } a„z^ ]( S w z’^) 
n=l ^ ^ n=l 


where/ a.. 


1 • 


Comparing the coefficient of z^ on both side of ( 6 . 2 » 5 )/ we have 


n-1 


(6.2-6) ^ a^ ~ ^ e”^^-2o:cos?v) 63^} ^k^n-k' 

Thus /the coefficient a^^ on 1 ■'ft hand side of (6.2»6) depends- 
upon the coef ficients a^/ a2' • • •/ a^_j^ • Therefore/ for suitable 
03^^ s (6 -2 * 5 ) may be vjritten as 
^ k °° k 

S ( ^ a-j-Z + 2 

=2 k=n+l 


n-1 

S 

k=l 


= [ S ^ e ^^- 2 occosa) 63^ } a3^z‘^] w( z‘) 


i0 


where / z = re 
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Multiplying each side of this identity by its conjugate / 
integrating with respect to 0 from o to 2^ and taking limit 
as r -» 1 / Vv-e get / 


S ( ^ ^ ^ d^ll+e'"^^^-2acoske"^^l 

^ n-1 

+ s i dv+d, e“^^-2acos;\) i ^1 avi ^ 

k=2 ^ ^ ^ 


and so 


2 ^ ^^2,, 


'‘^n"''^n‘^^ ’ ^n^ ^d^ll+« 

n-1 . • , 

+ S { I dj^i-dj_e"-^'Xe""'- 2 acosk) 63^1 -^<3k"'5k^^ ^k‘ 

k=:2 


since 6;^ = djj ' the above inequality after some simplifications 
reduces to 


n-1 


(6.2.7) 4dj, ( 1-a) cos^k[ dj_ ( l-oc) +E (d^-cdj_)6kl aj^l ^ > 

}C=: 2 

Now/ we first prove (6.2.1) by using induction on m. 

5'Jhen n = N+l / (6.2*7) aives 


( 6 . 2 - 8 ) 


^N+1 


2d^(l-a)coske' 


-ik, 


This shov7s that (6.2*1) is true form = 1. 


Next / assume that (6.2*1) is true form = 1/ 2/ . • ./ ( q~l ) • 
For n = qN+1 / since the conijoi^On on the right hand side of 
(6.2.7) comes only from the terms corresponding to 
k = N+l/ 2N+1/ •../(q-l)N+i / therefore by using the induction 
hypothesis / v/e have 
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(d 


qN+l 


~d^)2| 


qN+l 

2, 


g-1 


j =1 J X Q 


= [( d 


qN+l 


I ^l--a)cosAe~^ + (<^^^^-d^)| 
(k+l)N+l)“^^ 

I 2d, (l~a)cosXe"^\(d.,,^,-d, ) 1 . 

II — Iij±l.....J : — ]/ 

' (j+l)N+l)“‘^ 


^ 4dj_(l-a)c.os^A[dj_(l-a)+ S (d.j-,~ad,) 
q-1 


Th£ '.equality can be proved by induction on q. . This proves 
(6.2 .1.) for m = g. 

The inequality (6.2.2) is also proved by using induction 

on m. 

I/^^hen n = N+p , p=2/3/.../N. (6.2.7) and (6.2.8) after a 
simple calculation gives 

’ ^ ' . 2 ^ . \ 2-> r ^ .-1 ~ , N . 2' 


*^N+p' ^N+p* ^ 4d^(l-a)cos (l“*^) ) I 1 

-1 "x o (l“^) cos A.e ( d * d. } 1 ^ 

^ l2d^(l-a)cosXe"^^|2 i N+l 

Consequently / 




^N+p'- d. 


^N+P j=0 

so that (6.2.2) holds form = 1 . Now / let (6.2-2) is true for 
m = 1. .../ q-1 . Thus / for n = qN+p the contribution on the 
right hand side of (6.2.7) comes only from the terms corresoonding 
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to k = N+l/ 2N+1/ . . .# ( q-l) N+l t therefore by using the 
induction hypothesis in (6.2»7) as in the proof of (6.2*l) we 
get 


I 2d^(l-a)cosAe"^^l 

' v+p' * 3;^:; 

This proves (6.2*2) for m = 
is complete* 


I 2d^(l-a)cos Xe^^^+(d^.^^^^-d^) I . 
j =1 ^ j N+l"?^ ~ 

q and the proof of the theorem 


Remark . For ^ ' the estimate in (6.2.2) is sharp / the 

equality being attained for the function 


F( z) 


1 

/t N\2(l-a)cosX exp(-iA)/N 
( 1 - Z / 


in the class Sj^(X/N/a). 

Putting X = o in (6.2*1) and (6*2*2) we have the 
following. 


Co roll ary 6.2*1. Let f( z) = z + S £ S^(o/N/a). 

n=2 


Then 


m-1 


(6.2*9) laj^N-hl' 


__ 2d^(l-a)t(d.^,^^-d^) 

'\( j+l)N+l)“'\ 


(6-2.10) 


^mN+p 


i S 


2d|_(l-a) 

“^N+p 




for m = 1/2/**./ and P= 2 / 3 /.**/N. 

Our next theorem gives the influence of fixed (N+l)th 
coefficient on the growth of other coefficients of Generalized 
X-spirallike functions with respect to N-symmetric points- 
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Theorem 6.2.2 Let f ( z) = z + S £. Sj,(?wN,a} . Then 

n=2 


(6*2.11) 


1+7] 


%iN+l 


!2dj^ (l-a)cosXe~^N-( 1 

vn-\l 2 d 2 (l-ct) cos/Ve~'^^+( dj^_j_^-d^ ) I 


xTT 

J=£) 


( J+1 ) N+1 ) 


for m = 2/ 3/ • • •/ 


(6*2‘12) I a^N^pl ^ d. 


2d^ (l-a) cosX 


1+7] 


mN+p 


1 2dj^ (l-a) cosXe"^^+ (d 


m 


j=l 


N+l"^^ 

2dj_(l-Q:)cosXe”'^\(d.j^_l_^-d^) 1 
^‘^jN+l"^^ 


for m = 1/2/ . • • / and p = 2/ 3/ • * . / N / where 


^N+l 


7] ^ 


2dj^ (l-a) cosX 


■*N+1 




Proof . Prom (6.2.7) / we have for n = 2/3/... 


(6*2.13) ** ^n* ^ - 4d^ ( 1-a) cos^>{ dj^ ( 1-a) + 

where/ 


k=2 


1 / k = N P+1 / P = l/2/..» 


o / otherwise. 
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(6.2.14) 


When n = N+l , (6.2.1?) aives- 

2d^ (l~aJ cosX 




= r? ^ 


%+l 




We prove (6.2*11) by applying induction on m 
For n = 2N+1 / (6.2.1?) yields 


^ '^ 2 N+i’"'\ * ^ 2 W +1 * ^ 4d^(l-oc)cos A[ d^ (l-oc) +( dj^_j_ 2 -Q:d^ ) I I ] 
In view of (6.2*14) and the above inequality/ 

(<^211+1“^^ ^2N+l‘ ^ ^ 4<3^(l-a)2cos^\(l+77)^. 

if dj^(l-a)+^ ^ dj^ ( 1— a) (l+T)) and the later inequality 

is certainly true. Thus / (6. 2 .11) holds for m = 2. 


Now / assume that (6.2*11) is true for m = 1/2/3/ ../(q-l). 
Then/ for n = (qN+lJ/ (6.2«13) and the induction hypothesis gives 


S 4a^(l-a)oos^A[aL(l-a)+(dj,^^-a<3^)Tj2 + 




< 


[ 


^^2 ^ * ^ N +1 * 3 

1 2d^(l-cc)cos\e~^^+( d,^_^^-d^) i jl 


l2a^ (l-a) cosXe-^V( I j 


xTT[. 

j=o 


-iX. 

5 -I 

' ^((j4-l ) N+i)“^ 


where/ the last inequality follows by induction on q. This 
proves the inequality in (6.2»ll) form = q. 
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Next / we prove (6. 2-1 2) again by using induction on n. 
When n = N+p t p=2/»*-/N/ (6#2*13) and (6. 2 -14) gives 

4aiU-a:)cos^A[dj^(l-o:)+(dj,,^3^-d^)n^] 

^ 4d^(l-a) ^cos^\(l+7?) 

The above inoc^i-ality proves (6 ♦2*1 2) for ra = 1 • 


For |i) = qN-!-p / the contribution on the right hand side 
of ( 6 . 2 . 13 ) comes only from ^2N+l' ' * " q-1 ) N+1 and hence 

we use the induction hypothesis as in the proof of (6.2.11) to 
deduce that 




2d^(l-a)cos/V(l+h) 


X 


^ 1 2d^(l~a)cosA.e”‘^\(djg_^^--d^) 1 


X 



I 2d3_(l~a)cos Xe~^^ +(d^^^^-d^)l 


This proves (62*12) and the proof of Theorem 6.2.2 is 
com pi ete . 


6.3 This section deals with the determination of coefficient 


bounds of Generalized X-spiralliko functions f( z) = z + S a^z 

n=k+l 

having order o. » o ^ a < 1 . The influence of the coefficients 


n 


. • •/ a 2 j. on the boundsof other co"ifficients of f is also 


found* For k = 1 y this reduces to the investigation of I 

influence of fixed second coefficient on the remaining coefficients 


of f 
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Unless otherwise stated t we shall assume throughout 

00 

in this and the following section that the sequence 
of non-decreasing positive numbers in (l.4«l) satisfies 

(6.3.1) ^ 

for h = 1/2/ • . »/ and q = l/2/*»* » 


We now prove 


n ^ 

Theorem 6.3*1 Suppose f ( z) = z + S a^z e S^{\i 

n=k+l ^ ^ 

( d, T -d +1 ) ( d , ~'d, ) 

(6.3.2) ia±i_r_ „ 


Then 


(dn-dj_) 

' 2dj_(l-a)cosXe“^W(a^^q-dj^) 

'^J+2'6 

where / mk-i-1 ^ n ^ (m+l)h; /* m = 1/ 2/ •• •/ and k = 1/2/ 


X 


The following lemmas are needed in the proof of 
Theorem 6.3*1 • 

L emma 6.3*1 If k = 1/2/-*^ q = 1/2/../ and o ^ a < 1 / then 

, (d -ad, Xi ..-(3,+l)^(d ^,-4, )^ 

(6.3.3) (a„-d,)24 _Ji_i lS±i_i aiiJi 

djL ( 1-a) +( a^+q-d^+l ) ( dq+i-di ) 

for n S; qk+1 * 

oo 

Proof * Since / C n=l non- dec re a sing / the function 

( dj^-otj^) ^ increasing function of n. Therefore 

in view of (6*3*1)/ for n S qk+1 , 


we have 
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Thi s prove (6-3*3) • 


Lemma 6-3*2 If P and q are positive integers / then for 
o ^ a < 1 / we have 

o , g-1 

(6. 3*4) 4dj_^l"“^^os A[dj_(l-a)+ S ^ ^ ^ ^ ^ ^ 

m=l 


2d-, (l-a) cos\e 

m-1 I — r rs-' ~ r ^ + (d 


\+l“^2'*'^ 


•j+1 


■d^ji 


j=o 


^'^3+2-'>L^ 


-i\ 




q-1 


i-o 


2d- (l-a) cos^e" ^ 


^^j + 2'’^^ 


Proof . We shall prove (6 -3 *4) by induction on q - For q = 1 / 
the left hand side of (6-3-4') gives' 


^ , o O O 1 2d, (l-a)cosXe"^^l ^ 

4d£(l~a) cos X = (d 3 ^_i_j_-d 2 +l)'^(d 2 -d^)^ 

and so ( 6 - 3 - 4 ) is true for q = 1. For q = 2^ the left hand’ 
side of ( 6 - 3 * 4 ) becomes 
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4 d 2 cos^A[ dj (l-ot) + { dj^(l-a)-» 


I 2d. (l-a)cosAe"^^l ^ 


\ 2 ^ 2 . w 

4d., d-a) cos ^ ^ 


X [ 


( ^+l”‘^ 2 '^^^ (d 2 -d^) 4 d^(l-a)cos-^ 


4d^(l-a) ^cos^X ^ 

I 2dj_(l-a)cosAe“^V(d^_i_^-d2+l) (d2-dj_) 1 


i 2d^ (l-a)cos^Xe~^^[ ^ 


='' 5 k+l-Vl^ 'V^’^ 'i^ 


2d^ (l-a) cosXe 






Thus / (6.3*4) is true for q = 2 - 

Nov; / assume that (6.3 ••4) is true for q = 1 / 2 # • • ./ ( n- 1 ) . 
Then for q = n / 

^ n -,2 

4d^(l-a)cos“?v[d^(l-a) + d^^^-d2+l) (d^^^-d^) } x 


2dj^ (l-a) cos ?ve* 


m-l. t — \ ^ — ; +( d . “d, ) 1 




+( dj^ (l-a) +( ^ '^n~^ ^ 


n-2 I 


2dj^ (l-a) cosXe' 
\-i-l“‘^ 2 ‘^^ 


t(d.^l-d 3 _)l 





2 


n-2 


2d^ (l-a}cosXe 


-iX 


= II - , .2 

J=o '<5j+2-<\) 

+ 4d2 (I'-a) GOs^A.( (l-oc) +( ( d2~c3^ ) ) ^ 

2c^(l-a)cos Xe""^^ 


+(dj^l-d^) 


n-2 

TT 

3=0 


n 

\ 


(d_. , „-dj_) ^ 


j + 2 


-IX 




2cL (l-®')cosXe* 

n-1 I — i ■:; +(d._^^-d^) [2 






This proves I6-3-4) for g = n and the proof of Lemma 6.3»2 is, 
complete • 

Proof of Theorem 6 *3 .1 . Set / 

. . Df ( 2-) 

Since g( z) . S^(X.a) / there exists a bounded regular function 
w( z) such that w(o ) = o. / I w( z) I < 1 and 


( 6 • 3 » 5 ) 


w( z) = 


g( z) -e^^ 


g( z) te*"'^^^ 


= S w„z 


n 


— 2occosX n=k 


h 


Equating the coefficients of the same powers of z on both 
sides of the equation 

* "X CO 

(6-3*6) G^[ 2 ( d - d, ) a z^] = ( S w z^) x 

v-i t T ii X n -1 n 


n=k+l 


n=k 


x[ 2d, (l-a) ZCOS.X+ S ( e^^d te^^^d, -2(1 (l-a) cosX) a 

n=k+l n ^ LL n 
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we obtain / 


(6.3.7) = 2 ca^(l-.a)cosA / n = k+l/*./2k. 

, , . . ^ 0 
SincG 1 w( z-' i ’*C 1, i it toUows thcit 2 I w 1 ainci thsirsfox'G 


(6.3 « 8 ) 


n=k+l 


! w^l < 1 . 


Ftom (6.3.7) and ( 6 - 3 . 7 ) / W“ find that' 


(6.3.9) 


2 k 

S (d-d ^)2 
n=k+l ^ 


la^i^ ^ 4di(l_a) ^ cos^A 


We rewrite (6.3.6) in the form 


(6.3.10) S e (d^-d^) S c z^ = { 2 d, (l- a) zcosA + 


n=k+l 


n=p+i 


-r s (d e^\e“^^d, - 2 d^acosA) a_z^ } ( E w z”) 
n=k+l J. X n n 

where tna constants s occuring in (6.3.IO) are determined 
by the identity in (6.3.5'). Since ( 6 . 3. 10 ) has the form 

F(z) = G{z)wiz) 

where I w( z) 1 <1 / it follows that 


(6.3.11) f 1 p( re^®) i ^de ^ ~ 


f IG(re^®)l 2 d 0 


for each r / o < r < 1 - Expressing (6.3.II) in terms of the 
coefficients in (6.3.IO) , we obtain 


(6.3.12) S (d-d, ) a 1 
n=k+l ^ ^ 


2 , ,2 2 n “ 

1 a 1 r + S 


n=pfj 


„ , 2 2 n 
CnI r 


S 4a^(l-adcos^A+*S Id G^ha, e“^^ 

iX=K+l ^ ^ 


2, I 2 2n 


,^e +d^e -2dj_acosAI "^r' 
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Making r •* 1 / we have 

p 

(6.3-13) s (i 3 -d, )^l a„l ^ S 4 d?(l-a) ^cos^X+ 
n=k+l n “1 n T. 

+ r I d e^'^+<a, (e"^ -2o:cosk) a \ 
n=k+l n 

Simplifying the quantity undur modulus sign on the right side 
of ( 6 . 3 . 13 )-^ the above inequality becomes 

2 (dn-dj_) ani ^ ^ 4-<i (l-a) cos^X[ d. (l-a) + 
n=k+l 


n~k 


p-k 


h- E Id,(l-a)+(d„-ad^) ! Ia„ig+ E (a„-di)^la„l 


n=k+l 


n=k+l 


Or/ 

(6.3*14) 2 (d -d, ) ^1 a„i 4 d, (l-a)cos^\[dT ( 1 -a) 

n=i>-k+l J- n X X 

P-k 

+ 2 (d~ad,)la„l ]. 
n=k+l ^ ^ ^ 

Mov 7 using an induction argument and (6.3*14) / we establish 

the inequality 
( m+ 1 ) k 


2dj_(l-a)cosXe”^^ 


rU' 


X 


1 — ^ + (d. ,,-d, ) 1 


j=o 


( dj_|_2-'3^) 


from which the desired inequality (6.3-4) follows* 

Form =1 /( 6 -3 *15) becomes 2 ( d -d, ) a„! ^ S 4d?(l-a) ^cos^X* 

n=k+l -L n 1 

which is true by (6.3*9)* Thus * the inequality (6.3.15)is true 


■for m 
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Assume that (6.3«15) is true form = 1/ 2/ • • •/ (q-l) « 

Using p = (q+l)k in (6.3*14) / we obtain 

( q+1 ) k 0 0 

1^1 

n=q]c+l 

„ q-1 (m+l)k 

^ 4 d, (l-a)cos \[dj_(l-a) + S ( S ( ) ! a^J ) ] 

rn=l n=^k+l * ^ 

^ 4c 32^ (l~o:) cos“?^[ (l-ct) + 

q-l (m+l)k 

^ '^k+1 “ ^2*^^ ^ ^ '^+1 ” ^ ^ 

9 q-i 

^4d^(l-a)cos"^k [d^(l-a) + 2 {d^ (l-a) +( ) } 

2d, (l-a)cos?ve"^^'^ ^ 

]. 


+ 2 


m 


2 

n=mk+l 


n 




X 


m-1 


ik±i-V^ 


j=o 




The last inequality is obtained from the assumption that 
(6. 3 ‘15) is true form = 1/ (q-l). Finally/ by using 
Lemma 6.3*2 / we obtain 

2i i2 ^ t ;,^2 

2 

'.i-a;cosA< 

q-' 


( q+1 ) k 99 9 9 

2 (d-d,) I a_l ^ C dv ,1 “d-+l) ^( d , , -d, ) "^ x 

n=qk+l ^ ^+12 q+1 ^ 


2d, (l-a)cosXe 


X 


j=o 




This establishes (6.3.15) for ra = q . The inequality in 
(6*3*2) clearly follows from (6.3.15). 


For k = 1 in Theorem 6.3*1 / we get the following • 
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Corollary 

(6.3*16) 


6 .3 *1 If f( z) 

n-2 

TT 

j=o 


z + S ^ ^ ' chen 


n=2 


’d 


2dj^(l ~a)cos^.e''^^+(d^._^j_-dj^) I 
^j+2’ 


a I ^ 
n 


a.. . ,-a^ 


The following coefficient estimates for k-fold symmetric 
functions also follows from Theorear 6.3 


Co roll ary 6.3*2 ^ f ( z) = z + S ^rnk+l 

m=l 

(6,3.17) 


£ S^(Xya) / then 


^k+1 


mk+1 




X 


m-1 [ 

TT - 

J=o 


2dj^ (l-a) cosXe' 
^+l"^2'^^ 


-iX 




d 




k 

Remarks 1* The class Sj^(X/a) may contain non univalent functions 

also. For / consider the function F( z) = z+z^"^^ and d = 1 • 

n 

Then P is not univalent in A . However / Re { e^^zDF( z)/cl^F( z)} = 

= cosX > acosX for 1M< n /2 , o i a <l and z £ A / so that 
F £ 3^( A./ a) . 


2* For dj^ - n / Theor'sm 6 ■.3*1 gives the result due to 
Srivastava [id]. For this choice of d^*' s Theorem 6.3.1 also 
include the result of Ltoyd [ 9 ] for X = o / MacGregor [ 52 ] 
for X = o / tf = o and Zamorsxi l 1C9 ] for a = o and k = 1 . 
Likewise for = n , Corollary give? the results for 

starlike functions obtained by ^oluzin f 21 ] . For k = 1 , 
the estimate in (^-- 3 . 17 ) gives the result due to Libera [, 50 ] . 
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For k = 2 / ( 6 . 3 gives the coefficient bounds for odd 
Generalized k- spirallike functions of order cc given by 


" 2 m+l 


^2m+l 




m-l 


2 dj^ (l-a) coske 
\+l"‘^2''’^ 


-iA 


+ (<a_-d,)i 


X 


j=o 


J+2 




for m = 1 / 2 / • • • * 

3 . The inequality (6.3*2) is sharp for d^^ = n and 
n = mk +1 with equality for the function given by 

F( z) = ' T 

(1 3 ^) 2^1-a) coske 

4 . Fork=l / the inequality (6.3*l) is clearly true* 

Therefore / all the results obtained in this section hold 

00 

for any non- dec reusing sequence of positive numbers s (-J- k=_L, 

Our next theorem shows / in particular / how the 
coefficients * *' ^ 2 k f’^flo.ences the bounds of other 

coefficients of Generalized X-spirallike functions* 
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°° It 

Theorem 6.3*2 Suppose f( z) = 2 + 2 e S^i'K/a) . Then / 

n=k+l " ^ 

~ "' ^ "' ' " ' " ' "‘ '" ' ' ' ' 4 


(6.3.10) I 


-iX 


2d. (l-a)cosXe' 

( d -d, ) I + 1 1 


k +1 


2d. (l-a}cosXe"^^ 
q-1 I d^ d +1 ^ 

J=° , '^j+ 2 “^ 

for qk+1 ^ n ^ (q+l)X * q = 2/ 3/ • • •/ where 

2 k 

2 (d -d, )^| a„l ^ = #jL^ ^ 1 2d, (l-a)cosXe' 
n=k+l X n X 

We need the following Lemnia. 


-iX, 2 


Lemma 6.3*3 I'or each positive integer k and q and for o^ a < 1 / 
we have 

(6.3.19) 4d, (l-a)cos^X[d, (l-a)+ — 2 ^ 

q-i 

^ m= 2 ^ ^ 




1 + 


X { 


(d^,_|_i-d2+l)(d2-dj_) 


2dj^ (l-a) cosXe 


-iX 


m-1 


j=o 


2d^ (l-a) cosXer^^ 

'^+l”'^2'‘’^ 








( d 


■k+1 


d^+TTTdp^T" 


•}^] 
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2d, (l-a:)cosXe“^^ ^ '^+l"'^2’''^ ^ ^ '*2''^ ^ 



X 


q-1 


J=o 


2 ^ 2 ^ (l-a) cosA 


■" ‘'Sj+i 


-d^) 




Proof * The proof of the lemma follows easily by induction 
on q and is omitted- 

Proof of Theoren 6.3*2* From (6.3*14) / we have 
P y 0 o 

2 (d-d^)^la^l^ ^ 4d, (l.-a)cos^A[d, (l-a)+ 2 ( d -ad, ) 1 a_l ^1 

n=p^k-f'l n=k+l ^ 

Putting p = (q+l)k in this inequality ^ we obtain 

(q+l)k 

(6.3.20) s Ca„-d^) Ia„|2 

n=qk+l 


o 

^ 4d, (l-a)cos A[di (1-a) +S ( d -ad, ) 
^ ^ n=l<+l " ^ 



^ q-1 (a'+l)k 

S 4d2_(l-a)cos^A[d2_(l-a)+ 2 2 ^ ' ' ®n’ 


Forq = l/ (6*3*20) gives- 

2 (d -d,)^la„l^ =ia^ ^ I 2 dT (l-a) cosA e"^N ^ ^ 
n=k+l ^ -L n ± 
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Now / by Using Lerana 6*3*1 / 

2k „ 

S (d„-ad^) 

n=k+l 


^^v^i-<a„+l)(d„-d, )+d, (l-a) 2k o o 

^ 2 (d-d.)2|a|2 

((d^^,-d,-.l)(d,-d,)4;d,(l-c.))>x^ . 

Using induction / we will prove the inequalities for q = 1*2/ •• 

( q+1 ) k 

(6.3.21) S (d^-ad^) la 1^ 

n=qk+l 


S ( Cd -dj^)+^(l-c<W[- 




-iX 


2<^(l-ot)cosXe 


+11 


-iX 


2 d. ( 1 -aJ cosXe 

X 1 I £+1 2 ^ 

3=0 

C q+1 ) k 

(6.3.22) 2 (V^)' la^l' 

n=qk+l 

2 d, (l-a)coske~^^ _ ( 


) 


2d, (l-a) cosXe""^ 

--1 ! — ^ ■;r-— — +( d. , , “d. ) I 


k+1 ^2 


j=o 





212 


For q = 1 / ( 6 . 3 . 21 ) and ( 6 . 3 * 22 ) are clearly true* 

/ } • 

assume that ( 6 . 3 . 21 ) and ( 6 . 3 . 22 ) are true for q = 1 / 2 /**' 

Then /for m = q/( 6 . 3 * 20 ) gives 


(m+ 1 ) k 
S 

n=mh+l 




2 


^ 4 dj_(l-a)cos^k[dj_(l-a) + 


‘t !r iTIk 

2 d, (l-«)c o 5 ke_ ^^^j_l 

\+i-d2^nTd^ 



X 


2<3i (l-a}cosXe~^^ 

I I S£i i ^ 1 ■ 

j=o 


2 d^(l-c<)cosXe-i^ 2 ‘-^k+l'V^^ ‘'^rV 

'-ra-pdjmrap^ ' 

2 ( 1 , (l-a) cosks”^^ _ 

X I I Eti ^ 


by Using Lemma 6 # 3 * 3 * This Proves ( 6 ^ 3 * 22 ) for q = m • 
roTiains to show that ( 6 . 3 . 21 ) holds form = q « To this 
we useLsnma 6 . 3*1 and the above inequality to get 
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(m+1 ) k 

S (d-ad,)la„l 

n=OTk+l n X n 


^ (m+l)k 

^ 2 (d-d,)^la 




1 -i 


iJ- 


X { 


" ‘ ‘>k+i::ViZIv5I 


m-1 


2dj^ (l-a) coske 


-Ik 




-ik 


2dj^ (l-a) coske 
^ ^k+1 “ ^2*'’^ ^ ^ ^2"* ^ ^ 


+ 1 I 




So / (6. 3 *21) also holds for q = m . Thus / we have established 
the inequalities (6.3*21) and (6*3*22) for q = 1/2/**. * Now / 
the inequality (6*3*18) follows frcsrt (6*3*22) * This proves 
the theorOT* 


Remark * For ^ and k = 1 / a result of Bhatia and 

Rajasekaran [ 2 ] follows from Theorem 6*3*2* 

Blitting M = o in (6*3*18) / we have 

°° n k 

Corollary 6*3*3 Let f( 2 ) = z t S a_z £• S^(k/a) and 

n D 

= o * Th en t 


la Is ^ X 

^ 2d, (l-a)coske“^^ 

2d, (l-a)coske"^^ 

j=o 

f or ^ n i ( q+l )‘k i q=2#?/«** '• 
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V 

Coroll arv 6.3 *4 Let f ( z) = z + S a_z^ t S^iX/a) and 

n=k+l ^ ^ 

jU- = 2d^ (l-a) cosA • Then / 


2d,(l-a)cosA 

Vl " ^ ^ ^ - d^+l ) ( 1 + fa ^- d 2 + l )( d 2 - dj _) 

an' ^ 


( d. 


2dj^ (l-a) cosAe"'^^ 


X 


2 d, (l-a)cosAe“^^^ 

X I 1 ^ 2 

j=o 


(d,._,^--dj^) 


jt2 

for qk+1 ^ n ^ (q+l)k / q = 2/ 3/ » • • » 

Puttinq k = 1 in (6 .3 .1*3) we have 


00 r\ i 

C o roll a.x^/ 6 . 3.5 Let fCz) = z + S a^z e S^CA^a) . Then 

n=2 


(1 + 


,u. 


a. I ^ 

cin« 





2c^(l-a)cosAe"^^ I 2d j^(l--ff)cosAe“^^+( d^.^^-dj_) 

(d 2 ~dj_) j=o 

for n= 2/3/.». / and where I a 2 ' ~ ^ I 2 d 2 ( 1-a) cosAe ^^1 . 
Taking A = o and k = 1 in (6. 3 . 18)/ we have 

00 rj 1 

Co roll arv 6 . 3.6 Let f(z) = z + S sij^z £ S^^Co/a) . Then 

n=2 


1 + 


an' 


d^-d^ 


n-2 


(■ 


2d^(l-a) 


+1) 


2dj^(l-a)+(d^._,_j_-dj ^) 

j+2' 


j=o 
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We also have the following result for k-fold symmetric 
function whose proof is similar to that of Theorem 6*3*2 and is 
omitted- 


Theo rem 6-3*3 Let f(z) = z + 2 


1 + 


^k+1 


m=l 

-■if 

a^-d^ 


mk+1 _ „k, \ 

®mk+l^ Sj^{A/a) 


Then t 


2d2 (l-a)cQsXe’’^N-( ^ 


X 


m-1 

TT 

• j=o 


I 2d2 ( 1 “Q: ) CO ske~^ ( d^. - dj^ ) t 

'^( ( j+l)k+l)~'^ 


Remark* Some of the results in [67] follow from our 
results found in this section-/ if d^ = n. 


6*4 In this section / we determine the coefficient estimates 
for Generalized \-spiralliks function of order a and type P* 

As in Section 6*3 / we assume throughout in this section 

oo 

that the sequence {'^n^n=l non-decreasing positive numbers 
satisfies (6*3*l)- 

The following lemmas are needed in the sequel - 

Lemma 6-4 *1 I'or n ^ q^+l / k: = l/2/-*-/ q = l/*2/ • •/ a nd 
o < M 1 

2 

(6.4.1) (a„-d^) a 

^(d \ I ( 2P-1) Cd^-aj^)-62a^PCl-a)cosXe"^^l 

S — ; , .. 

[ I ( ^ ^ '^q+l"'^ ^ ^ ^ cos\e“^^l 

The proof of (6 *4*1) is easy though computational and we omit«it. 
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Lgnma 6*4 •2’' If k and q are positive integers » then 


(6.4 *2) 4d£P^(l-a) ‘^cos'^k + 


q -1 


+ S fl (2^-1) (d 3 ^^^-d 2 +l)( c^^j_“c^)+2dj_ $(1-0:) coske‘ 

in=l 


2d^ $(l-a) cosAe~^^ 


m-1 I 


X 1 1 

j=o 


'^k+l“'^ 2 ^^ 


+ (2$-l) (dj^^-dj_) 1 




2d, $(l-a) coske”^^ - 

1— i— ;— i + (2$-l)(d. ,,-d, ) r 

q-1 d, , -d +1 J+1 i 


3=0 




An induction argument on q establishes (6.4 •2') rather 

easily and' we omit the details of its proof. 

oo n k 

Theorem 6.4*1 Let f( 2 r) = z + S' a^z & S^(k#a/$). 

n=k+l 

(i) if 

d^ $(l-a) ( ( dj^^^-d^ ) +dj_ (l-o) J cos.^A 

> ^ + d^(l-a)cos^A) • 

Then / 

(6.4.3) lajjiS (a -a,.) ■ 


m-1 


(diT^ 

2dj^(l-a) $coske 


-iX 


'^tl” + ( 2 $-1 ) ( dj +3_- ) * 


iXj 2 


X 1 1 
j=o 
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for ^ n ^ (m+l)k / m = 1/ 2/ •••/(M+l) / where M is given by 


( 6 .4 -4^ ! a. 




n 




X 


, -iX 


2dJ(l-a) GOsXe” 

M±1 ‘ ^ C 2$-l) (dj_|_^-dj_) 1 


J=o 




for n > (M+2)k. 

(ii) If d^ ?(!-«)(( dj^^^-dj^)+d^(l-a))GOs^X 

^ + dj_(l-a)cos\) 

then / 

2d^ p(l-a) cosX 
(dn-di) 

denotes t^ greatest integer 1 ess than ecrual to x» 
Proof* Let 


( 6 *4 '* 5 ) 


^n‘^ 


and define 

h( z) 


g( z) 


zDf C z) 
d^f( z) 


g( z)-l 

2P( g( zJ -l-i-(l--a) cosXe”^^) -( g( zr)-l ) 


= S 
n=k 


n 


n 

z ♦ 



219 


for m = 1/ 2/' • -/M+l . 

The inequality (6»4*3) follows from . 

In view of ( 6.4 *6) / the inequality ( 6.4 *8) clearly 
holds for ra = 1 . To show that ( 6 . 4 . 9 ) is true for m = 1 / we 
use Lermna 6 .4 .1 and ( 6 . 4 . 6 ') to get 


2k 


E { 1 (2P-l)(d^-d, )+2d, p(l-a)cos?ve“^^l^-(dj^-d, )^ } I a^l ^ 

n=k+l 

1 ( 2 P-I) (d3^_^j_-d2+l) (d2“dj_)+2dj_P(l-a.)cosXe"^^l ^-( d^^^^-d^+l ) ^( d2-dj) ^ 

g ^ — X 


X S (d^-ci2_)^l ^ 1 2d^(l-a) Pcoske“^^l ^ x 

n=k+l 

I ( 2P--I) (d^^j_-d2+l) (d2“d^)+2dj_f3Cl-a.)coske”^^l -(d3^_^j-d2+l)^( d^- dj_) ^ 

which is ( 6 .4 *9 ) for m = 1 . 


Now / suppose that ( 6.4 * 8 ) and ( 6 .4 *9 ) hold for 
m = 1/ 2/ • • •/ ( q-1 ) .' Using ( 6 .4'.9 ) with p = (q+l)k and the 

inductive hypothesis concerning ( 6 . 4 . 9 ) / we get 

( q 1 1 )k ^ ^ 00 

S (dn-d, ) I a^r- g 4cr3 (l-a) cos'^k 
n=qk+l 

qk n- -A 9 o o 

+ S {I ( 213-1) (d^-d^)+2<^P(l-cr)coske“ ^l-(dj^-d^) ^ } 1 
n=k+l 

99 9 9 q -1 Cm+1 ) k . 

^ 4d, P (1-a) cos k + 2 S { 1 ( 2p-l ) ( d -d, ) +2d, P(l-a) coske I- 

m=l n=«nk+l n r j. 

lla„|2 
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^ 4 d^ 3 ^(l-a) ^cos^\ + 

+ V {l(2P-l)(d^^^-d2+l)(c^^J_-dJ_)+2(^B(l-a)cosXe"^^^- 

rn 


m-l !■ 




?d^ (l-oc) BcosA.e' 


-i\ 


+( 2 ?-l)(dj^^-d^)l 


j=o 


^j+ 2 “‘^ 




2 d, (l-a) pcosXe"^^ 

q.l i.-:^--^ _ +(2B-l)(dj^^-d^)l 


^k+l"^ 2 '^^ 


j=o 




The last equality follows by use of Lenma 6.4 * 2 • This gives the 
inequality in (6.4*8) when m = q. ■ 


It remains to prove that ( 6 . 4 * 9 ) holds form = q. 
Continuing the same argument that proved (6.4.8) and using 
Lemma 6.4 .1 and (6.4.8) with m = q / we obtain 


( / k ■? Tv O 0 ^ 

s { l(2P-l)(d^-d^)+2dj_B(l-a)coske^ 1 -(d^-d^)^} la^l^ 

'=a}c+l 


n=q}c+l 


^ P 


1 ( 2 B-I ) ( d^^^^-d^+l ) ( dg^^-d^ ) +2d3_ B(l-a) CO sXe“^^t ^ 

^ '^k+l"‘^ 2 '^^ ^ ^ '^q+l“'\ ^ ^ 


( -d^-fl J ^( dg^^-d^ ) n=qk+l " ^ 
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, J (20-l) (d^_i_j^-d^;+2d^(l--a}pcosXe I -( dj,_^^-d2+l ) 

s t — — 

2d. (l-a)pcosXe~^^ „ 

^1 I a dp+l +(2M)(dj^j^-ci^)l 


= f 1 ( 2P-I) (d;,^_^j^-a2+l) (a j^-dj^)+2dj_p(l-o:)cos^e'^^l ^ - 

2d, (l-a) pcosA.e“^^ 2 

g_l i__i^ +(2P-I)(d. ,, -d ) ' 

s 9 ,9 __ ‘^> 4.1 -^ 9+1 j +1 d 

-( d, , , -d„+l ) d„-d ) ^ } X I 1 6 — 


This proves ( 6.4 *9) for m = q and hence the proof of ( 6 . 4 . 3 ) 
is complete- 


To prove ( 6 . 4 * 4 ) / suppose that n > (M+2)l;. EUtting 
= (q+l->k in (6.4*7) / we have 


( q+ 1 ) k 

S (d-d,) 

n=qk+l 


2, I 2 < ^ ,2 

I a„l i 4 dj_ 


^ 4d?P l-a ) ^cos^?'. 


qA. 1 X 9 9 

+ S fl ( 2 P-I) (d^-d^;+2dj_p(l-a)cos\e"^'^l -(d^-d^) ^ } I a^l 
n=k-M 

iience for n > (M-(-2)k: / 


(dn-^^^ I ani 2 ^ 4dfp2(i_a)2cos^^ + 

(M+ 2 ) Tc 


-i\, 2 


S { l(2p-l)(d-d,;+2d,p(l-a)cos\e '1 

n=k+l 




qk 

+ S { 1 (23-1) (d^-cd )+2d, P(l-a)cos\e"^^l ^-(d- d^) ^}1 a^l^ 

n=(M+2)k+l 
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^4dfp^(l-a) + £ { I (.2p-l) (d -d, )+2d, $(l-a)cosAe' 

^ n=k+l " 


(M+2) k 


-iX, 2 


!l V 


4c3^P^(l'-a) ^cos^A + S S { 1 ( 2P-l) ( d^^-dj, ) + 2'pdj_ (l-a) cosAe' 

m=l ■n=-m Ic-J-l 


M+l(m+l)k 


-iA, 2 


m=l n=OTkH-l 


M+l 


-(VA) 


4d^P^(l-a) ^cos^A+ S { I ( 2P-1 ) ( d^_^^-d2+l ) ( d^^^-d^) +2dj_ |3(l-a) cosAg"'’’'^! ^ 


m=l 


M-1 I 




2d^ (l-a) PcosAe 


+( 23-1) (dj^^-dj^J I 


j=o 


-i\ 


2d, (l-a) PcosAe* 

, , !!!" '~^ : r ^ ~5 +(2e-i)(d^^^-d^)r 


le last eauality is obtained by using Lanma 6.4»2* 
lis gives 

2d (1-a) PcosAe"^^ 

4,' - rw'-' ]io 

ich proves (6.4'4)* 

i)lf dj_ P(l-a)cos^A( +dj_(l-a) ) 

^ ^1-P) + d^(l-a)cos^A) 

en ( 6 . 4 . 7 ) yields 

i (d -d ) ^1 a^l ^ ^ 4df3^(l-a) ^cos^A 

n=p-k+l n i. n j. 
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or /■ if n S >c+l / 

(dn-dj_^^ 4d^,6^(l-a) ^cos^X 

so that 

2d, P(l-a) CO sX 

This proves the estimate (6.4.'^) and completes the proof 
of Part (ii) of the theorem. 

Re marks For ^ X = o / Theorem 6.4*1 gives a 

result in [5 7] . Further / for d = n and k = 1 / a result in 
[ 40] follows from Theorem 6.4.1* 
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